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Abstract
Aerodynamic flows involve features with a wide range of spatial and temporal scales which
need to be resolved in order to accurately predict desired engineering quantities. While
computational fluid dynamics (CFD) has advanced considerably in the past 30 years, the
desire to perform more complex, higher-fidelity simulations remains. Present day CFD simu-
lations are limited by the lack of an efficient high-fidelity solver able to take advantage of the
massively parallel architectures of modern day supercomputers. A higher-order hybridizable
discontinuous Galerkin (HDG) discretization combined with an implicit solution method is
proposed as a means to attain engineering accuracy at lower computational cost. Domain
decomposition methods are studied for the parallel solution of the linear system arising at
each iteration of the implicit scheme.
A minimum overlapping additive Schwarz (ASM) preconditioner and a Balancing Do-
main Decomposition by Constraints (BDDC) preconditioner are developed for the HDG
discretization. An algebraic coarse space for the ASM preconditioner is developed based on
the solution of local harmonic problems. The BDDC preconditioner is proven to converge at
a rate independent of the number of subdomains and only weakly dependent on the solution
order or the number of elements per subdomain for a second-order elliptic problem. The
BDDC preconditioner is extended to the solution of convection-dominated problems using
a Robin-Robin interface condition.
An inexact BDDC preconditioner is developed based on incomplete factorizations and
a p-multigrid type coarse grid correction. It is shown that the incomplete factorization
of the singular linear systems corresponding to local Neumann problems results in a non-
singular preconditioner. The inexact BDDC preconditioner converges in a similar number
of iterations as the exact BDDC method, with significantly reduced CPU time.
The domain decomposition preconditioners are extended to solve the Euler and Navier-
Stokes systems of equations. An analysis is performed to determine the effect of boundary
conditions on the convergence of domain decomposition methods. Optimized Robin-Robin
interface conditions are derived for the BDDC preconditioner which significantly improve
the performance relative to the standard Robin-Robin interface conditions. Both ASM
and BDDC preconditioners are applied to solve several fundamental aerodynamic flows.
Numerical results demonstrate that for high-Reynolds number flows, solved on anisotropic
meshes, a coarse space is necessary in order to obtain good performance on more than 100
processors.
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Title: Professor of Aeronautics and Astronautics
4
Acknowledgments
I would like to thank all of those who helped make this work possible. First, I would like to
thank my advisor Prof. David Darmofal, for giving me the opportunity to work with him.
I am grateful for his guidance and encouragement throughout my studies at MIT. Second,
I would like to thank my committee members Profs. Alan Edelman and Jaime Peraire for
their criticism and direction throughout my PhD work. I would also like to thank my thesis
readers Prof. Qiqi Wang and Dr. Venkat Venkatakrishnan for providing comments and
suggestions on improving this thesis.
This work would not have been possible without the contributions of the ProjectX team
past and present (Julie Andren, Garrett Barter, Krzysztof Fidkowski, Bob Haimes, Josh
Krakos, Eric Liu, JM Modisette, Todd Oliver, Mike Park, Huafei Sun, Masa Yano). Partic-
ularly, I would like to acknowledge JM whose been a good friend and office mate my entire
time at MIT.
I would like to thank my wife, Laura, my parents, Klara and Levente, and my brother,
Andrew, for their encouragement throughout my time at MIT. Without their love and sup-
port this work would never have been completed.
Finally, I would like to acknowledge the financial support I have received throughout my
graduate studied. This work was supported by funding from MIT through the Zakhartchenko
Fellowship and from The Boeing Company under technical monitor Dr. Mori Mani. This
research was also supported in part by the National Science Foundation through TeraGrid
resources provided under grant number TG-DMS110018.

Contents
1 Introduction
1.1 Motivation . . . . . . . . . .
1.2 Background . . . . . . . . . .
1.2.1 Higher-order Discontinu
1.2.2 Scalable Implicit CFD
1.2.3
1.2.4
1.2.5
1.3 Thesis
1.3.1
1.3.2
Domain Decomposition
Large Scale CFD simul
Balancing Domain Dec
Overview . . . . . . .
Objectives . . . . . . .
Thesis Contributions .
. . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . .
ous Galerkin Methods . . . .
Thr................
Theory . . . . . . . . . . . .
ations . . . . . . . . . . . . .
)mposition by Constraints . .
. . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . .
2 Discretization and Governing Equations
2.1 HDG Discretization . . . . . . . . . . . . . . . . . . . . . . .
2.2 Compressible Navier-Stokes Equations . . . . . . . . . . . . .
2.3 Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . .
2.4 Solution M ethod . . . . . . . . . . . . . . . . . . . . . . . . .
3 Domain Decomposition and the Additive Schwarz Method
3.1 Domain Decomposition . . . . . . . . . . . . . . . . . . . . .
3.2 Additive Schwarz method . . . . . . . . . . . . . . . . . . . .
3.3 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . .
4 Balancing Domain Decomposition by Constraints
4.1 A Schur Complement Problem . . . . . . . . . . . . . . . . .
4.2 The BDDC Preconditioner . . . . . . . . . . . . . . . . . . .
4.3 The BDDC Preconditioner Revisited . . . . . . . . . . . . . .
4.4 Convergence Analysis . . . . . . . . . . . . . . . . . . . . . .
4.5 Robin-Robin Interface Condition . . . . . . . . . . . . . . . .
4.6 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . .
5 Inexact BDDC
5.1 A Note on the BDDC Implementation . . . . . . . . . . . . .
5.2 BDDC using Incomplete Factorizations . . . . . . . . . . . . .
5.2.1 Inexact Harmonic Extensions . . . . . . . . . . . . . .
5.2.2 Inexact Partially Assembled Solve . . . . . . . . . . .
5.2.3 One or Two matrix method . . . . . . . . . . . . . . . . . . . . . . . . 81
5.3 Inexact BDDC with p-multigrid correction . . . . . . . . . . . . . . . . . . . . 82
5.3.1 Inexact Harmonic Extensions . . . . . . . . . . . . . . . . . . . . . . . 82
5.3.2 Inexact Partially Assembled Solve . . . . . . . . . . . . . . . . . . . . 83
5.4 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84
5.4.1 Inexact BDDC using Incomplete Factorizations . . . . . . . . . . . . . 85
5.4.2 Inexact BDDC with p-multigrid correction . . . . . . . . . . . . . . . . 89
6 Euler and Navier-Stokes Systems 101
6.1 Linearized Euler Equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . 101
6.2 1D Analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 103
6.3 2D Analysis . . . * .. . . . . .. . . .. .. . . . . . . . . . . . . . . .. . . .. 107
6.4 Optimized Robin Interface Condition . . . . . . . . . . . . . . . . . . . . . . . 111
6.5 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 118
7 Application to Aerodynamics Flows 127
7.1 HDG Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 127
7.2 D G Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
8 Conclusions 143
8.1 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 143
8.2 Recommendations and Future Work . . . . . . . . . . . . . . . . . . . . . . . 145
Bibliography 147
A 2D Euler Analysis: Infinite Domain 157
B BDDC for DG Discretizations 163
B.1 DG Discretization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 164
B.2 The DG discretization from a new perspective . . . . . . . . . . . . . . . . . . 167
B .3 BD D C . . . . . . . . . . . . . . . ... . . . . . . . . . . . . . . . . . . . . . . . 172
B .4 A nalysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 174
B.5 Numerical Results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 178
List of Figures
3-1 Sample grid and non-overlapping partition . . . . . . . . . . . . . . . . . . . . 38
3-2 Overlapping partition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39
3-3 Additive Schwarz method applied to sample Poisson problem . . . . . . . . . 40
3-4 Coarse basis functions for additive Schwarz method . . . . . . . . . . . . . . . 42
3-5 Additive Schwarz method with coarse space applied to sample Poisson problem 43
3-6 Plot of solution for 2d scalar model problems . . . . . . . . . . . . . . . . . . 44
3-7 Plot of meshes used 2d scalar model problems . . . . . . . . . . . . . . . . . . 45
3-8 GMRES convergence history for advection-diffusion boundary layer problem
with p = 10-6, p = 2 and n = 128 on isotropic structured mesh . . . . . . . . 48
4-1 Coarse basis functions for BDDC . . . . . . . . . . . . . . . . . . . . . . . . . 59
4-2 Partially Assembled solve applied to sample Poisson problem . . . . . . . . . 59
4-3 Effect of harmonic extensions for sample Poisson problem . . . . . . . . . . . 59
4-4 Unstructured mesh and partition for advection-diffusion boundary layer problem 70
4-5 Number of local linear solves for advection-diffusion boundary layer problem
with y = 10~4, and n r 128 on anisotropic unstructured meshes . . . . . . . 71
4-6 Number of local linear solves for advection-diffusion boundary layer problem
with p = 10-4, and N = 64 on anisotropic unstructured meshes . . . . . . . . 72
5-1 CPU time for 3D advection-diffusion boundary layer problem with p = 1, and
n = 400 on isotropic unstructured mesh . . . . . . . . . . . . . . . . . . . . . 98
5-2 CPU time for 3D advection-diffusion boundary layer problem with P = 10-4,
and n = 400 on isotropic unstructured mesh . . . . . . . . . . . . . . . . . . . 99
6-1 Convergence rate versus wave number, ( using basic Robin-Robin algorithm . 110
6-2 Optimization of asymptotic wave number . . . . . . . . . . . . . . . . . . . . 112
6-3 Minimum asymptotic convergence rate . . . . . . . . . . . . . . . . . . . . . . 112
6-4 Convergence rate for different z, for M = 0.05, CFLH = 100 . . . . . . . . . . 113
6-5 Convergence rate for different z, for M = 0.05, CFLH = 100 . . . . . . . . . . 114
6-6 Optimization over all wave numbers . . . . . . . . . . . . . . . . . . . . . . . 115
6-7 Convergence rate using optimized interface conditions . . . . . . . . . . . . . 115
6-8 Discrete optimization of z . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 116
6-9 Residual reduction for linearized Euler problem after 10 GMRES iterations . 117
6-10 Solution after one application of the BDDC preconditioner . . . . . . . . . . . 117
6-11 Number of local linear solves for linearized Euler problem with n = 512 . . . 119
6-12 Number of local linear solves for linearized Euler problem with N = 64 . . . . 119
6-13 GMRES convergence plot for linearized Euler problem with p = 2 and n = 512120
6-14 Number of local linear solves for linearized Navier-Stokes problem, Re = 106
w ith n = 512 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
6-15 Number of local linear solves for linearized Navier-Stokes problem, Re = 104
w ith n = 512 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
6-16 Number of local linear solves for linearized Navier-Stokes problem, Re = 102
with n = 512 . . . . . . . . . . . . . . . . . . . . . . . ... . . -. - - - . 123
6-17 Number of local linear solves for linearized Navier-Stokes problem, with p = 2
and N = 64 . . . . . . . . . . . . . . . . . . .. . . .. . - - - - - . . . . . . 123
6-18 Number of local linear solves for linearized Navier-Stokes problem, Re = 0.01,
n= 512 ..... .......................... . . . - - - - - . 125
6-19 Number of local linear solves for linearized Navier-Stokes problem, Re = 0.01,
N = 64 . . . . . . . . . . . . . . . . . . . . .. . .. . . . . . . . . . . . . . . 125
7-1 Grid and flow solution for inviscid flow over NACA0012, Moo = 0.3, a = 5.00,
p = 5 . . . . . . . . . . ... . . . . .. . . . . ..... . . . . . . . . . . . . . . . 128
7-2 Weak scaling results for inviscid flow over NACA0012, Moo = 0.3, a = 5.00,
p = 2, 2000 elements per subdomain . . . . . . . . . . . . . . . . . . . . . . . 129
7-3 Weak scaling results for inviscid flow over NACA0012, Moo = 0.3, a = 5.00,
p = 5, 500 elements per subdomain . . . . . . . . . . . . . . . . . . . . . . . . 130
7-4 Detailed timing for inviscid flow over NACA0012, Moo = 0.3, a = 5.00, p = 5,
500 elements per subdomain . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
7-5 Grid and flow solution for viscous flow over NACA0005, Mo = 0.2, a = 2.00,
Rec = 5000, p = 5 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
7-6 Weak scaling results for viscous flow over NACA0005, Moo = 0.2, a = 2.00,
Rec = 5000, p = 2, 1000 elements per subdomain . . . . . . . . . . . . . . . . 132
7-7 Weak scaling results for viscous flow over NACA0005, Moo = 0.2, a = 2.00,
Rec = 5000, p = 5, 250 elements per subdomain . . . . . . . . . . . . . . . . . 133
7-8 Weak scaling results for inviscid flow over NACA0012, Moo = 0.3, a = 5.00,
p = 2, 2000 elements per subdomain . . . . . . . . . . . . . . . . . . . . . . . 136
7-9 Weak scaling results for inviscid flow over NACA0012, Moo = 0.3, a = 5.00,
p = 5, 500 elements per subdomain . . . . . . . . . . . . . . . . . . . . . . . . 137
7-10 Weak scaling results for viscous flow over NACA0005, Mo. = 0.2, a = 2.0',
Rec = 5000, p = 2, 1000 elements per subdomain . . . . . . . . . . . . . . . . 138
7-11 Weak scaling results for viscous flow over NACA0005, Moo = 0.2, a = 2.00,
Rec = 5000, p = 5, 250 elements per subdomain . . . . . . . . . . . . . . . . . 138
7-12 Grid and flow solution for turbulent flow over RAE2822, Moo = 0.3, a =
2.310, Rec = 6.5 x 106, p = 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . 139
7-13 Strong scaling results for turbulent flow over RAE2822, Moo = 0.3, a =
2.310, Rec = 6.5 x 106, p = 2 adaptation step . . . . . . . . . . . . . . . . . . 141
7-14 Weak scaling results for turbulent flow over RAE2822, Moo = 0.3, a = 2.310,
Rec = 6.5 x 106, p = 2, 1000 elements per subdomain . . . . . . . . . . . . . . 142
A-1 Analytical convergence rate versus wave number, ( using basic Robin-Robin
algorithm on two infinite domains . . . . . . . . . . . . . . . . . . . . . . . . . 160
A-2 Analytical convergence rate vs M,. using basic Robin-Robin algorithm on two
infinite dom ains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 161
B-I Degrees of freedom involved in "local" bilinear form. *: Element Node, 0:
Neighbor Node, -*: Switch (3) . . . . . . . . . . . . . . . . . . . . . . . . . . 168
B-2 Examples of subtriangulations of p = 1 triangular elements . . . . . . . . . . 175

List of Tables
3.1 Number of GMRES iterations for Poisson problem on isotropic structured mesh 45
3.2 Number of GMRES iterations for advection-diffusion boundary layer problem
with p = 1 on isotropic structured mesh . . . . . . . . . . . . . . . . . . . . . 46
3.3 Number of GMRES iterations for advection-diffusion boundary layer problem
with p = 10-6 on isotropic structured mesh . . . . . . . . . . . . . . . . . . . 47
3.4 Number of GMRES iterations for advection-diffusion boundary layer problem
with p = 10-6 on anisotropic structured mesh . . . . . . . . . . . . . . . . . . 49
3.5 Number of GMRES iterations on both isotropic and anisotropic meshes with
N = 64,n = 128 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49
4.1 Number of GMRES iterations using BDDC preconditioner for Poisson prob-
lem on isotropic structured mesh . . . . . . . . . . . . . . . . . . . . . . . . . 67
4.2 Iteration count for BDDC preconditioner with p = 1 or y = 1000, n = 128 . . 67
4.3 Number of GMRES iterations for advection-diffusion boundary layer problem
with p = 1 on isotropic structured mesh . . . . . . . . . . . . . . . . . . . . . 68
4.4 Number of GMRES iterations for advection-diffusion boundary layer problem
with p = 10-6 on isotropic structured mesh . . . . . . . . . . . . . . . . . . . 68
4.5 Number of GMRES iterations for advection-diffusion boundary layer problem
with p = 10-6 on anisotropic structured mesh . . . . . . . . . . . . . . . . . . 69
4.6 Number of GMRES iterations on both isotropic and anisotropic meshes with
N = 64,n = 128 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 69
4.7 Number of local linear solves both isotropic and anisotropic meshes for scalar
boundary layer problem with p = 10~4 . . . . . . . . . . . . . . . . . . . . . . 72
5.1 Number of GMRES iterations for 3D Poisson problem using ILUT(T,7r) inex-
act solver, with T = 10-6 and varying 7r . . . . . . . . . . . . . . . . . . . . . 85
5.2 Number of GMRES iterations for 3D advection-diffusion boundary layer prob-
lem with p = 1 on isotropic unstructured mesh using ILUT(r,7r) inexact
solver, with T = 10-6 and varying r . . . . . . . . . . . . . . . . . . . . . . . 87
5.3 Number of GMRES iterations for 3D advection-diffusion boundary layer prob-
lem with p = 10-4 on isotropic unstructured mesh using ILUT(T,7r) inexact
solver, with T = 10-6 and varying7r . . . . . . . . . . . . . . . . . . . . . . . 88
5.4 Number of GMRES iterations for 3D Poisson problem using ILUT with p = 0
coarse grid correction, with r = 10-6 and varying 7r . . . . . . . . . . . . . . 90
5.5 Number of GMRES iterations for 3D Poisson problem using ILUT(T,7r) with
p = 1 coarse grid correction, with T = 10-6 and varying 7r . . . . . . . . . . . 91
5.6 Number of GMRES iterations for 3D Poisson problem using ILUT(T,lr) with
p = 1 coarse grid correction applied to global partially assembled problem,
with T = 10-6 and varying r . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
5.7 Number of GMRES iterations for 3D advection-diffusion boundary layer prob-
lem with y = 1, using ILUT(r,7r) with p = 0 coarse grid correction, with
r = 10-6 and varying 7r . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.8 Number of GMRES iterations for 3D advection-diffusion boundary layer prob-
lem with y = 1, using ILUT(r,lr) with p = 1 coarse grid correction, with
T = 10-6 and varying 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 94
5.9 Number of GMRES iterations for 3D advection-diffusion boundary layer prob-
lem with p = 10-4, using ILUT(r,ir) with p = 0 coarse grid correction, with
T = 10-6 and varying 7 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 95
5.10 Number of GMRES iterations for 3D advection-diffusion boundary layer prob-
lem with pa = 10- 4 , using ILUT(r,lr) with p = 1 coarse grid correction, with
T = 10-6 and varying r . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96
5.11 Number of GMRES iterations for 3D advection-diffusion boundary layer prob-
lem with p = 10~ 4 , using ILUT(r,lr) with p = 1 coarse grid correction, with
T = 10-6 and varying 7i . . . . . . . . . . . . . . . . . . . . . . . . . . . . .. 100
6.1 Boundary Conditions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 104
6.2 Number of iterations required for the Schwarz algorithm to convergence using
different interface and boundary conditions . . . . . . . . . . . . . . . . . . . 106
6.3 Number of iterations required for the Schwarz algorithm to convergence using
characteristic interface conditions and different boundary conditions . . . . . 106
B.1 Numerical fluxes for different DG methods . . . . . . . . . . . . . . . . . . . . 166
B.2 Numerical fluxes for different DG methods . . . . . . . . . . . . . . . . . . . . 168
B.3 Elementwise bilinear form for different DG methods . . . . . . . . . . . . . . 168
B.4 Iteration count for BDDC preconditioner using Interior Penalty Method . . . 179
B.5 Iteration count for BDDC preconditioner using the method of Bassi and Rebay180
B.6 Iteration count for BDDC preconditioner using the method of Brezzi et al. . . 180
B.7 Iteration count for BDDC preconditioner using the LDG method . . . . . . . 181
B.8 Iteration count for BDDC preconditioner using the CDG method . . . . . . . 181
B.9 Iteration count for BDDC preconditioner using the CDG method with p = 1
or 1000 ......... ....................................... 182
Chapter 1
Introduction
1.1 Motivation
Computational fluid dynamics (CFD) has advanced considerably in the past 30 years, such
that CFD tools have become invaluable in the design and analysis of modern aircraft and
spacecraft. CFD has become important due to the ability to simulate a large range of flow
conditions at all relevant parameters in a flow (eg. Mach number, Reynolds number, specific
heat ratio, etc.) which may not be possible in wind-tunnel experiments. Through advances
in both numerical algorithms and computer hardware the complexity of problems solved has
increased dramatically since the first two-dimensional potential flow simulations in the mid
1970s.
While the complexity of the problems has increased significantly, the desire to perform
even more complex, higher-fidelity simulations remains. A recent review of the AIAA Drag
Prediction Workshops shows that insufficient resolution remains a limiting factor in achiev-
ing accurate predictions [84]. Aerodynamic flows involve features with a large range of
spatial and temporal scales which need to be resolved in order to accurately predict desired
engineering quantities. Higher-order methods provide a possible means of obtaining engi-
neering required accuracy with fewer degrees of freedom. However, the requirements to have
increased spatial and temporal resolution necessitates the use of more powerful computing
resources.
Today's most powerful supercomputers are able to reach a peak performance of more
than one petaflops. However, peak performance has been reached by a continuing trend of
parallelization, with the most powerful machines now employing more than 100,000 proces-
sors. While several CFD codes have been used on large parallel systems with up to several
thousand processors, the scalability of most CFD codes tops out around 512 cpus [89]. De-
veloping CFD codes which are able to scale efficiently to tens or hundreds of thousands of
processors remains a significant challenge.
1.2 Background
1.2.1 Higher-order Discontinuous Galerkin Methods
Higher-order methods have the potential for reducing the computational cost required to
obtain engineering accuracy in CFD simulations. Typical industrial CFD methods employ
second-order finite volume schemes for which the error scales as E c h2, where h is the
characteristic mesh size. Thus, in three dimensions, decreasing the mesh size by a factor of
two leads to a four-fold reduction in solution error, but an eight-fold increase in the number
of degrees of freedom. Higher-order numerical methods are those which achieve an error
convergence E oc h', r > 2, provided the solution is sufficiently smooth. Thus, if a low error
tolerance is required, higher-order methods allow for the error tolerance to be met with fewer
degrees of freedom than typical second-order methods.
In this work a higher-order discontinuous Galerkin (DG) discretization is used [9, 11-
14, 16, 37, 42, 56, 87, 97, 98]. DG methods are attractive since the piecewise discontinuous
representation of the solution provides a natural means of achieving higher-order accuracy
on arbitrary unstructured meshes. Even at high order, DG methods maintain a nearest-
neighbour stencil as element-wise coupling is introduced only through the flux across element
boundaries. In particular, this work uses a new DG variant known as the hybridizable
discontinuous Galerkin (HDG) method [39-41, 96, 100]. In HDG methods, both the state
variables and gradients are approximated on each element. As a result, HDG methods
converge at optimal order (p+1) in both the state variables and gradients. Additionally, the
state and gradient degrees of freedom may be locally eliminated to give a system of equations
where the only globally-coupled degrees of freedom are associated with the trace values of the
state variables on the element boundaries. Thus, for higher-order solutions HDG methods
have much a smaller number of globally-coupled degrees of freedom compared to traditional
DG methods [41, 96].
1.2.2 Scalable Implicit CFD
A key use of massively parallel computers is to perform large-scale simulations in similar
amount of time as typical industrial simulations on desktop machines. In addition to being
able to partition the computational work among large numbers of processors, "optimal"
algorithms are required for which the work scales linearly with the number of degrees of
freedom. Two definitions of parallel scaling are commonly used: "strong scaling" and "weak
scaling". Strong scaling, discussed in reference to Amdahl's Law [2], refers in general to
parallel performance for fixed problem size, while weak scaling, discussed in reference to
Gustafson's Law [61], refers to parallel performance in terms of fixed problem size per pro-
cessor. While the parallel performance of a particular CFD code depends upon an efficient
implementation, the performance is limited by the scalability of the underlying algorithm.
Thus, this work focuses primarily on the algorithmic aspects to ensure scalability. In the
context of high-fidelity CFD simulations, weak scaling is more important than strong scaling,
as weak scaling relates closely to the ability of an algorithm to be optimal. Thus, unless oth-
erwise stated the term "scalable" is used to imply "weakly scalable". An iterative solution
algorithm is said to be scalable if the rate of convergence is independent of the number of
subdomains into which the mesh has been partitioned, for a fixed number of elements on each
subdomain. Thus, for a fixed number of elements on each subdomain, a scalable algorithm
may be viewed as being optimal on a macro scale. A scalable algorithm is truly optimal if
the rate convergence is also independent of the number of elements on each subdomain.
DG discretizations have long been associated with the use of explicit Runge-Kutta time
integration schemes, due to the simplicity of implementation, relatively small memory re-
quirements, and small stencils [42]. While explicit methods are relatively simple to imple-
ment, the largest allowable time step is limited by the CFL condition, hence the number
of iterations required for a particular simulation depends upon the mesh size. Thus, while
explicit methods have the potential for very good strong scaling, these methods are not
optimal. Implicit methods, on the other hand, do not have such a time step restriction.
As a result, implicit methods have become the method of choice when the time step re-
quired for numerical stability is well below that required to resolve the unsteady features
of the flow. Implicit schemes have also become widely used for the solution of steady-state
problems obtained through pseudo-transient continuation [66], where time-stepping enables
reliable convergence for nonlinear problems [3, 10, 26, 59, 60, 69, 83, 95, 122]. While most
portions of an implicit code, such as residual and Jacobian evaluations, are trivially paral-
lelized, implicit methods require at each iteration the solution of a globally coupled system
of equations. Thus, implicit algorithms are optimal only if the globally coupled system may
be solved in an optimal manner.
For aerodynamic problems, the most successful solution techniques have been nonlinear
multigrid methods [3, 57, 82, 90, 93, 941 and preconditioned Newton-Krylov methods [59,
60, 69, 95, 103, 122]. Mavriplis showed that using a multigrid method as a preconditioner to
a Newton-Krylov approach results in significantly faster convergence in terms of CPU time
than a full nonlinear multigrid scheme [88]. Thus, in this work Newton-Krylov methods
are considered, where the nonlinear system is solved using an approximate Newton method,
while the linear system at each Newton iteration is solved using a preconditioned Krylov
subspace method. In this context, multigrid methods may be viewed as one possible choice
for the preconditioner. Thus, the development of an optimal solution method hinges on the
ability to develop scalable preconditioners.
1.2.3 Domain Decomposition Theory
The desire to perform large scale simulations has led to an increased interest in domain
decomposition methods for the solution of large algebraic systems arising from the dis-
cretization of partial differential equations (PDEs). The term domain decomposition in the
engineering community has often been used simply to refer to the partitioning of data across
a parallel machine. However, data parallelism alone is insufficient to ensure good paral-
lel performance. In particular, the performance of a domain decomposition preconditioner
for the solution of large linear systems is strongly coupled to the discretization and the
underlying PDE.
While high-fidelity simulations of aerodynamic flows involve solutions of the nonlinear
compressible Euler and Navier-Stokes equations, performance of the algorithms developed
for the systems resulting from the discretization of these equations are often analyzed in
reference to simple scalar linear model equations for which the mathematical analysis is
possible.
Early aerodynamic simulations involved potential flow calculations. Thus, the Poisson
equation has often been used as a model problem. In particular, the elliptic nature of the
Poisson equation is appropriate for the analysis of acoustic modes in low speed, incom-
pressible flows. Convective modes, on the other hand are hyperbolic and thus a convection
equation is a more appropriate model for the analysis of these modes. A singularly per-
turbed convection-diffusion equation is often used as a model problem for high Reynolds
number compressible flows, where convective behaviour is dominant in most regions of the
flow, while elliptic behaviour is dominant in the boundary layer region. Since much of the
grid resolution is introduced in the boundary layer region, it is important to understand the
elliptic behaviour present in these regions.
For elliptic PDEs, the Green's function extends throughout the entire domain decaying
with increasing distance from the source. This implies that a residual at any point in the
domain affects the solution everywhere else. In an unpreconditioned Krylov method, the
application of the Jacobian matrix to a residual vector at each Krylov iteration exchanges
information only to the extent of the numerical stencil. Thus, the number of iterations for an
error to be transmitted across a domain of unit diameter is O(1), where h is the characteristic
element size. In general, the convergence rate for symmetric problems is bounded by the
condition number of the preconditioned system. An efficient preconditioner attempts to
cluster the eigenvalues of the preconditioned system to ensure rapid convergence of the
Krylov method. In particular, an efficient preconditioner for elliptic problems requires a
means of controlling the lowest frequency error modes which extend throughout the domain.
Domain decomposition methods precondition the system of equations resulting from the
discretization of a PDE by repeatedly solving the PDE in subdomains of the original domain.
If at each iteration information is exchanged only to neighbouring subdomains, the number
of iterations for an error to be transmitted across a domain of unit diameter is O(1), where
H is the characteristic subdomain size. Thus the condition number of the preconditioned
system, and hence the number of iterations required to converge the linear system, will
depend on the number of subdomains. In order to ensure that the condition number of the
preconditioned system is independent of H scalable preconditioners include a coarse space
able to control the low frequency error modes which span the entire domain [118].
While elliptic problems are characterized by Green's functions that extend throughout the
entire domain, convection-dominated problems have a hyperbolic behaviour where the errors
propagate along characteristics in the flow. Thus, for convection-dominated problems, the
resulting discretization is strongly coupled along the characteristics with little dissipation of
errors across characteristics. Control of these errors is often accomplished by preconditioners
that maintain strong coupling and often can be interpreted as increasing the propagation of
errors out of the domain in the purely hyperbolic case.
For convection-diffusion problems, domain decomposition methods with a coarse space
have been shown to be scalable, provided the diameter of the subdomains are sufficiently
small [27, 29, 31]. Namely, if the Peclet number, defined using the subdomain length scale,
H, is sufficiently small, then the behaviour matches the symmetric, diffusion-dominated
limit. In the convection-dominated limit, the errors are propagated along characteristics
in the domain. Thus, the number of iterations required to converge is proportional to the
number of subdomains through which a characteristic must cross before exiting a domain.
In the case of unsteady convection-diffusion problems, solved using implicit time inte-
gration, analysis of domain decomposition methods shows that a coarse space may not be
necessary to guarantee scalability if the time step is sufficiently small relative the size of the
subdomains [28, 30]. This behaviour may be interpreted using physical intuition. Namely,
for small time steps the evolution of the flow is mostly local, thus a coarse space is not re-
quired for the global control of error modes. From a linear algebra standpoint, the presence
of the large temporal term leads to a diagonally dominant system, which tend to be easier
to solve using iterative methods.
1.2.4 Large Scale CFD simulations
As aerodynamic flows involve both elliptic and hyperbolic features, the most successful
serial algorithms have combined effective solvers for elliptic and hyperbolic problems. For
example multigrid methods have been used in combination with tri-diagonal line solvers
by Mavriplis and Pirzadeh [90] and Fidkowski et al. [57]. The success of these algorithms
may be attributed to the ability of line solvers to control error modes in strongly coupled
directions (either along characteristics or in regions of high anisotropy), while low frequency
errors are corrected through the multigrid process. An alternative approach which appears
to be very successful for higher-order discretizations is a two-level method using an ILU(0)
preconditioner with a minimum discarded fill ordering combined with a coarse grid correction
presented by Persson and Peraire [103].
The development of efficient parallel preconditioners for aerodynamic flows builds upon
successful algorithms in the serial context. While multigrid methods have been employed for
large-scale parallel simulations, Mavriplis notes that special care must be taken in forming
the nested coarse grid problems to ensure good performance [90, 94]. Domain decomposition
preconditioners presented in this thesis may be viewed as two-level preconditioners, where
local solvers are employed on each subdomain, while specially constructed coarse spaces are
used to ensure the control of low frequency (global) modes throughout the domain.
The most widely used domain decomposition methods for CFD applications are addi-
tive Schwarz methods [25, 32, 33, 35, 59, 60, 102, 122]. For cell-centered finite-volume, or
higher-order discontinuous Galerkin discretizations, where degrees of freedom are naturally
associated with element interiors, a non-overlapping additive Schwarz method corresponds
to a subdomain-wise block-Jacobi preconditioner [45, 60, 102]. An overlapping additive
Schwarz method may be developed by extending the size of the subdomain problems by
layers of elements. Gropp et al. showed that adding a very small overlap corresponding only
to a few layers of elements results in a significant improvement in the number of iterations
required to converge a finite volume discretization of inviscid compressible flows [60]. How-
ever, as increasing the amount of overlap lead to increased communication costs, the lowest
CPU times were achieved using an overlap region of just two layers of elements. A variant
presented by Cai et al, known as the restricted additive Schwarz method, updates only lo-
cally owned degrees of freedom, eliminating communication during the solution update [35].
Numerical results have shown that this method actually requires fewer iterations to converge
than the basic additive Schwarz preconditioner for both scalar convection-diffusion [35] and
compressible Euler problems [33].
The use of domain decomposition methods for large scale applications involves additional
considerations in order to achieve good performance. Large scale CFD applications may be
both memory and CPU limited, making the exact solution of the local problems using LU
factorization intractable. Thus, the local solvers are replaced with an iteration of an efficient
serial preconditioner, such as an ILU factorization or a multigrid cycle. The performance
of the Schwarz method will, in general, depend upon the strength of the local solver. For
example, Venkatakrishnan showed significant improvement using block-ILU(0) as opposed to
block-Jacobi for the local solvers for an additive Schwarz method with zero overlap [122]. ILU
factorizations have been particularly popular as local solvers for additive Schwarz methods
with or without a coarse correction [25, 32, 33, 59, 60, 102, 122]. Cai, Farhat and Sarkis also
employed a preconditioned GMRES method to solve the local problem on each subdomain
[25, 32]. In particular, this allowed for different number of iterations to be used in each
subdomain ensuring that each local problem was solved with sufficient accuracy.
For practical aerodynamic flows, the question remains whether a coarse space is neces-
sary for a scalable preconditioner. For the solution of steady compressible Euler equations,
Venkatakrishnan used a coarse space developed using an algebraic multigrid-type scheme
[122]. In numerical simulations with up to 128 processors, Venkatakrishnan showed that the
presence of the coarse grid gives some improvement in the performance of the preconditioner
in terms of number of iterations, though this did not necessarily translate into faster solu-
tion time. Gropp et al. did not employ a coarse space, and showed only modest increase
in the number of linear iterations for strong scaling results from 32 to 128 processors [60].
In particular, Anderson, Gropp, and collaborators have performed large scale inviscid CFD
simulations using over 3000 processors without employing a coarse space [4, 59, 60]. For
unsteady simulations for the compressible Navier-Stokes equations, Cai, Farhat, and Sarkis
found only a small increase in the number of iterations for strong scaling results up to 512
subdomains without the presence of a coarse space [25, 33]. Similarly, Persson showed good
strong scaling performance up to 512 processors for the unsteady Navier-Stokes equations
using a subdomain wise block-Jacobi preconditioner without a coarse space [102]. This ob-
servation is consistent with the theoretical result for the time-dependent convection-diffusion
problems, where a coarse space is not necessary if the time step is sufficiently small.
As the time step is allowed to increase, Persson showed that the performance of the pre-
conditioner without a coarse space degrades significantly [102]. For steady state problems
solved with little or no pseudo-temporal contributions, Diosady showed very poor strong
scaling results using a similar preconditioner, particularly for viscous problems [45]. A par-
titioning strategy weighted by the strength of the coupling between elements was introduced
in order to improve the parallel scaling of this preconditioner [45]. A similar strategy was
also employed by Persson [102]. However, the resulting partitions had larger surface area to
volume ratios resulting in more communication per computation. While such a technique
improves parallel performance on a moderate number of processors, the use of a coarse space
may be essential for obtaining a scalable method for steady state viscous flow problems on
massively parallel systems.
Inexact Schur complement methods have been used as an alternative means of obtaining a
global correction for CFD simulations [10, 64]. Schur complement methods reduce the size of
the global system to a system corresponding only to the degrees of freedom on ( or near ) the
interfaces between subdomains. Inexact Schur complement methods solve an approximate
Schur complement problem in order to precondition the global system. The solution of the
approximate Schur complement problem acts as a global coarse grid correction. For example,
Barth et al. developed a global preconditioner based on an approximate Schur complement
for the solution of the conforming finite element discretization of the Euler equations, where
approximate Schur complements were computed using ILU preconditioned GMRES [10].
Similarly, Hicken and Zingg developed a preconditioner for a finite-difference discretization
of the compressible Euler equation by computing an approximate Schur complement using an
ILU factorization. Both Barth et al. and Hicken and Zingg used a preconditioned GMRES
method to iteratively solve the inexact Schur complement system leading to non-stationary
preconditioners which were applied to the flexible variant of GMRES [109]. While much
smaller than the entire global system, the Schur complement system is still globally coupled
and an effective preconditioner for the Schur complement problem requires a coarse space in
order to effectively control the low frequency error modes.
1.2.5 Balancing Domain Decomposition by Constraints
In order to solve the Schur complement problem, this work considers a class of domain
decomposition preconditioners known as Neumann-Neumann methods which were originally
developed to solve elliptic problems [21, 44, 116]. While all of the methods discussed have
defined local problems based on blocks of the fully assembled discrete system, Neumann-
Neumann methods exploit the finite element residual assembly to define the local problem.
While the original Neumann-Neumann methods lacked a coarse space, Mandel introduced
a coarse space leading to the Balancing Domain Decomposition (BDD) method [73, 74].
The BDD method was later shown to be closely related to the Finite Element Tearing and
Interconnecting (FETI) method [54, 58]. FETI methods are among the most widely used
and well tested methods for structural mechanics problems. For example Bhardwaj et al.
used FETI methods to solve structural mechanics problems on up to 1000 processors [18].
The most advanced of the FETI and Neumann-Neumann class of methods are the dual-
primal FETI (FETI-DP) [53, 80] and the Balancing Domain Decomposition by Constraints
(BDDC) method [47, 75]. Like FETI and BDD, FETI-DP and BDDC methods are closely
related and have essentially the same eigenvalue spectra [71, 76]. The analysis of these
preconditioners have been extended to the case where inexact local solvers are used in [48,
67, 72]. Additionally, several authors have presented multi-level versions of the BDDC
method [78, 79, 120]. An adaptive method for adding primal degrees of freedom to ensure
rapid convergence has also been presented[77]. Practical implementations of the FETI-DP
method has been used to solve structural mechanics problems on up to 3000 processors
[19, 104].
While originally developed for elliptic problems, Achdou et al. modified the Neumann-
Neumann interface condition to Robin-Robin interface conditions for a convection-diffusion
problem, ensuring that the local bilinear forms were coercive [1]. A Fourier analysis, on a
partitioning of the domain into strips normal to the stream-wise direction, showed that in
the convective limit, the resulting algorithm converges in a number of iterations equal to
half the number of subdomains in the stream-wise direction. The Robin-Robin interface
conditions have been used along with a FETI method to solve linear convection-diffusion
problems by Toselli [117]. Similarly, Tu and Li used the Robin-Robin interface condition to
extend the BDDC method to convection-diffusion problems [121].
Neumann-Neumann and FETI methods have in general not been used for large scale CFD
simulations, however recent work is beginning to make these methods available to the systems
of equations for compressible flows. Dolean and collaborators have extended the Robin-Robin
interface condition to the isentropic Euler equations using a Smith factorization [50, 51].
Yano and Darmofal also provided a generalization of the Robin-Robin interface condition to
the Euler equations based on entropy symmetrization theory [123, 124]. However, detailed
analysis of the performance of this algorithm has yet to be performed.
1.3 Thesis Overview
1.3.1 Objectives
The objective of this work is to develop a scalable high-fidelity solver for higher-order dis-
cretizations of convection-dominated flows. In order to meet this objective, this work presents
a solution strategy based on an implicit Newton-Krylov method using domain decomposition
preconditioners.
1.3.2 Thesis Contributions
The contributions of this thesis are the following:
o An additive Schwarz preconditioner with a coarse space based on harmonic extensions
is developed for higher-order hybridizable discontinuous Galerkin discretizations. The
coarse space correction is shown to improve the convergence relative to a single level
additive Schwarz preconditioner for convection dominated flows solved on anisotropic
meshes.
o A Balancing Domain Decomposition by Constraints (BDDC) preconditioner is devel-
oped for higher-order hybridizable discontinuous Galerkin (HDG) discretizations. The
BDDC method is proven to converge at a rate independent of the number of subdo-
mains and only weakly dependent on the solution order and the number of elements per
subdomain, for a second-order elliptic problem. The BDDC preconditioner is extended
to the solution of convection-dominated problems using a Robin-Robin interface con-
dition. Numerical results show that the BDDC preconditioner reduces the number of
local linear solves required to converge relative the additive Schwarz preconditioner
with or without coarse space for convection-dominated problems solved on anisotropic
meshes.
o An inexact BDDC preconditioner is developed based on incomplete factorizations and
a p-multigrid type coarse grid correction. It is shown that the incomplete factorization
of the singular linear systems corresponding to local Neumann problems results in a
non-singular preconditioner. Numerical results show that the inexact BDDC precon-
ditioner converges in a similar number of iterations as the exact BDDC method, with
significantly reduced CPU time.
" An analysis is performed to assess the effect of far-field boundary conditions on the
convergence of domain decomposition methods for the compressible Euler equations.
It is shown that, even in the one-dimensional case, applying reflecting boundary con-
ditions leads to exponential convergence (as opposed to convergence in a finite number
of iterations).
" The BDDC preconditioner is extended to the solution of the compressible Euler equa-
tions using optimized interface conditions. Numerical results show that the optimized
interface conditions significantly improve the performance of the BDDC preconditioner
relative to the standard Robin-Robin interface condition.
" A restricted overlapping Schwarz preconditioner is developed for a higher-order dis-
continuous Galerkin (DG) discretization of the compressible Euler and Navier-Stokes
equations. It is shown that using an overlap of consisting of only a single layer of
elements significantly improves relative to a non-overlapping preconditioner.
" A BDDC preconditioner is developed for a large class of higher-order discontinuous
Galerkin discretizations. The BDDC method is proven to converge at a rate indepen-
dent of the number of subdomains and only weakly dependent on the solution order
or the number of elements per subdomain, for a second-order elliptic problem.
The thesis is organized as follows. Chapter 2 presents the HDG discretization. Chapter
3 presents the domain decomposition and develops the additive Schwarz preconditioner.
Chapter 4 introduces the BDDC preconditioner, while Chapter 5 presents an inexact variant
of the BDDC preconditioner. Chapter 6 provides an analysis of the performance of the
domain decomposition preconditioners for the Euler and Navier-Stokes systems of equations.
Chapter 7 presents numerical results for several fundamental aerodynamic flows. Finally,
Chapter 8 gives conclusions and recommendations for future work.
Chapter 2
Discretization and Governing
Equations
2.1 HDG Discretization
The hybridizable discontinuous Galerkin discretization is presented for a general system of
conservation equations. Let u(x, t) : Rd x R+ --+ Rm be the vector of m-state variables in
d-dimensions. A general conservation law in a physical domain, Q C Rd, d - 2,3, is given
by:
Uk,t + (Fik(U) + Gik (U, U,x)),X, = fk(ujuXx),
where k C {1, ... , m} is the component index of the governing equations, i E {1, ... , d} is
the spatial index, (-),t is the temporal derivative, and (.),x, is the spatial derivative with
respect to xi. F(u) : R' --+ Rmxd and G(u, u,x) : Rm x Rmxd -> Rmxd are the viscous and
inviscid fluxes, respectively. (2.1) may be rewritten as the following first order system of
equations:
qik - Uk,x, = 0
Uk,t + (Fik(u) + Gik(u, q)),x,
(2.2)
(2.3)
(2.1)
= fk(u, q, x).
The HDG discretization is obtained from a weak form of (2.2)-(2.3). Let the tessellation Th
be a partition of Q into triangles or quadrilaterals (if d = 2) or tetrahedra or hexahedra (if d =
3). Define E to be the union of edges (if d = 2) or faces (if d = 3) of elements, K. Additionally,
define FInt c S and Ea C E to be the set of interior and boundary edges, respectively. Any
edge e E gInt is shared by two adjacent elements K+ and n~ with corresponding outward
pointing normal vectors n+ and n-.
Let PP(D) denote the space of polynomials of order at most p on D. Given the tessellation
Th, define the following finite element spaces:
Vh := {v E (L2(Q))mx : Vl6 E (pP(,))mxd V E T (2.4)
W {w E (L2 (Q)) m : wI, E (PP()) m  Vs E T} (2.5)
M :={ E (L2 (,)) m : yMe E (PP(e))m  Ve E E}. (2.6)
Consider the steady state solution to (2.2)-(2.3). The weak form is given by: Find
(q, u) E VP x Wh such that for all K E Th,
(qi, Vi -+ (U, vik,x) - (i, Vikfni)a. = 0 Vv E (2.7)
-(Fik (U) + Gik (u, q), kxW),r + (i - Gik) ni, Wk = (fk, Wk) K Vw E W, (2.8)
where (w, v), := f, wV and (w, v)aK := fa, wv. In the case of unsteady problems, or steady
problems driven to steady-state using pseudo-transient time continuation, (2.8) also includes
temporal terms appropriate to the time stepping scheme used. In (2.8), (Fik + Gik)ni is the
numerical flux which approximates (Fik (u) + Gik(u, q))ni on On, while it E MhP approximates
the trace of u on E. The numerical flux takes on the form:
( -+- SG~)ni = (Fik (f) + Gik (t, q))ni + Ski(ft, n)(ul - fit) on OK, (2.9)
where S(fi, n) is a local stabilization matrix. The local stabilization matrix has the form:
S(ft,n) = |An|+SDiff, (2.10)
where A =aFi (f)ni while SDiff is a diagonal matrix with diagonal values given by the
coefficients of the diffusive terms [39].
Elements in the HDG discretization are coupled by ensuring that the numerical flux
is continuous across faces in 9l"t. Specifically, the HDG discretization enforces that the
jump in the numerical flux, (Fik + Gik)nt + (+ k + Sik)-n-, between elements n,+ and
K- is orthogonal to all functions in M(EInt). Summing over all element gives the HDG
discretization: Find (q, u, fi) E VP x W' x MI such that
(qik, vik)T + (Uk, vik,xi)T (ilk, vikni)ar 0 Vv C VP (2.11)
(Fik(U) + Gik (u, q), Wkxx)r + K(ik + Gik) ni, Wk) = (f, Wk)T Vw E WhP (2.12)
(Fik + Gik)ni, P/k)aT\a = 0 VA E Mhi (2.13)
Bk, Ak = 0 Vp E Mp,, (2.14)
where (-, -)r :=Eer(, - (-, )T : KCr (-, .)a and (-, -)ar\an := EKET (-, -)a\a,
while M and M'~a are subsets of MhP corresponding to edge functions interior to Q and on
8Q, respectively. B is a boundary term used to enforce the desired boundary conditions on
8Q. The specific form of B for different types of boundary conditions is discussed in Section
2.3. Specifying a basis for V(, Wh and Mh, (2.11) - (2.13) leads to a non-linear system of
equations for the coefficients of the basis functions. Applying Newton's method results in a
discrete linear system at each Newton iteration of the form:
Aqq Aqu Aqx AqAb Aq bq
Auq Auu Au\ AuAb Au (2.15)
AAq AAu AA\ AAAb A b\
AAbq AAbu AAbAb AAbAb 
_ Ab 
_ bAb J
where Aq, Au, A, Ab denote the vector of updates for the coefficients of basis functions
corresponding to q, u and fi on e E EInt and e E S' respectively. The system (2.15) has
an element-wise block diagonal form such that Aq, Au and Ab in (2.15) may be eliminated
element by element to get the following system:
AA = b, (2.16)
where
Aqq Aqu AqAg AqA
A - [ Axq A, AAAb Auq AUU AuAb Au. (2.17)
A A nq AAbu AAbAb A A
Aqq Aqu AqAb bq
b = b, - [ Aq AA\u AAAb Auq AU AuAb b . (2.18)
AAbq AAbu AAbAb bAb
The superscript in A is used to denote the globally assembled finite element matrix consistent
with the notation in Chapter 4. Alternatively, A = Afi may be viewed as the solution of
linearized form:
a(A, p) = b(p) V E M, (2.19)
where a(A, p) and b(t) are given by:
a(A, p) = a (A, y) =(AZF ' + AGik)ni, p (2.20)
KET nET
b(,p) = b. (/p) = (F' + AGR)n,) (2.21)
nET r-ET
Here, (AF1I + AGj )nj is the change in numerical flux obtained by solving the linearized
problem about (q, f) corresponding to (2.7) - (2.8) with Aft = A and zero right-hand
side. Similarly, (AE"R'+ A50 )nj is the change in numerical flux obtained by solving the
linearized problem with Aft = 0 and right-hand sides corresponding to the residual of (2.7)
- (2.8) at the linearization point.
2.2 Compressible Navier-Stokes Equations
The compressible Euler and Navier-Stokes equations are systems of non-linear conserva-
tion equations of the form (2.1). In particular, the Euler equations are obtained from the
Navier-Stokes equations by setting the viscous flux vector to zero and omitting (2.11) for the
gradient. The conservative state vector is given by u = [p, poi, pE]T, where p is the density,
vi the velocity in direction i, and E the total internal energy. The inviscid flux vector is
given by:
p[i
F(u) = pViVj + ijp
pvH
(2.22)
where p is the static pressure, H = E + P is the total enthalpy, and oij is the Kroneckerp
delta:
6ij = i -
otherwise.
(2.23)
The pressure is given by:
p = (y - 1)p E - 1pvivi), (2.24)
where -y is the specific heat ratio (y = 1.4 for air). The viscous flux vector is given by:
Gi(u, u,x) =
0
Tij
vjrij + nTT,xJ
where r is the shear stress tensor, nT is the thermal conductivity, T = p/pR is the temper-
ature, and R is the gas constant. The shear stress tensor, -r, is given by:
rij = P(vi,x + Vj,x) - 6 ijAVk,xk, (2.26)
where pL is the dynamic viscosity and A = 9P is the bulk viscosity coefficient. The dynamic
viscosity is given by Sutherland's Law:
T ( Tref + Ts
Tref T+Tq
(2.27)
(2.25)
The thermal conductivity is a function of the dynamic viscosity:
Kr = ypR ,(2.28)('y- 1)Pr'
where Pr is the Prandtl number. For air, Tref = 2880 K, T, = 110.4' K and Pr = 0.71.
2.3 Boundary Conditions
This section gives the exact form of the boundary term B used to define various boundary
conditions for the compressible Euler and Navier-Stokes equations.
Flow Tangency BC
A slip boundary condition is enforced on a symmetry plane or at a solid surface in inviscid
flow. The boundary condition may be written as:
p -p
$ = poi-(PVkk)ni - pi (2.29)
pE - pE
where pvknk is the normal component of the velocity. Thus setting B = 0 weakly enforces
p, pE = pE, and p'Vi has zero component in the normal direction (since pVi - (pVknk)ni
is the interior momentum with the normal component removed).
Adiabatic No-slip BC
At a solid surface for viscous flow an adiabatic no slip boundary condition is set by enforcing
zero velocity and heat flux. Namely, the boundary condition is written as:
(Fil + Gil)
f3= pii (2.30)
(Fim + Gim)
The first condition enforce zero mass flux through the boundary, the second condition ensures
zero momentum at the surface, while the third condition ensures the heat flux into the
domain is zero.
Isothermal No-slip BC
In order to set an isothermal no slip boundary condition at a solid surface for viscous flow, the
boundary condition is similar to the adiabatic no slip condition except the last component
of the boundary condition is set to T - T(fi). T, is the desired surface temperature and
T(ni) is the temperature computed as a function of fi.
Characteristic Inflow/Outflow BCs
At an inflow/outflow boundary, a free-stream condition, u,, is specified and the boundary
condition is given by:
B = [(Fi + Oj)nji - [Fi(f)ni + An(u, - u) + (Ginj),]. (2.31)
where An = 9(Fi(ft)ni)/8(i), with A± = (An ± IAn|)/2. Here (Ginj), is a specified normal
viscous flux at the boundary, usually assumed to be zero. This choice of B ensures that the
mathematically correct number of boundary conditions are specified at inflow and outflow
boundary conditions. Namely, for two-dimensional subsonic inviscid flow three inflow and
one outflow boundary conditions are set, while for viscous flow four inflow and three outflow
conditions are set [62]. In the case of inviscid flow this boundary condition simplifies to the
expression given by Peraire et al. [100]:
a = A+(u - f) - A-(u - fi) (2.32)
Other Inflow/Outflow BCs
It is often convenient to specify inflow and outflow BCs without complete knowledge of the
boundary state. For example total pressure, total temperature and angle of attack may be
specified at an inflow boundary or a desired static pressure may be specified at an outflow
boundary. For these types of boundary conditions, a boundary state u is reconstructed as
a function of the interior state u and the desired boundary condition. The boundary flux B
is then set in the same manner as the characteristic the BCs given above.
2.4 Solution Method
While the focus of this work is primarily to obtain steady-state solutions, pseudo-transient
continuation is used to improve the transient behaviour of the solver. Specifically, a local
time-stepping procedure is employed whereby the time step for each element AtK is set using
a global CFL number:
At = CFL h (2.33)Amax
where Amax is the largest characteristic speed in element K, while hmin is the minimum
altitude of r,. At each pseudo time-step a single Newton iteration is used to update (q, u, fi),
while the global CFL number is incrementally increased as the solution approaches its steady
state value.
Each Newton iteration requires the solution of a linear system of the form (2.15). As
noted in Section 2.1, the HDG discretization allows for the degrees of freedom corresponding
to Aq and Au to be locally eliminated on each element. Thus, storage of the entire linear
system is not necessary. In particular, the solution updates Aq' and AuK for an element K
are given by:
1 r1 --Aq An An b1 An As An
'AUK Anq An bK An An AnJ_ [j L q U JU _j [ U Luq U _J LA' /\J
_ocal 1g[obal An (2.34)
local _Uglobal
Thus, for each element only the local update vectors Aqilocal and Aunocal and global update
matrices A and uslobal along with the globally coupled reduced system (2.16) need
to be stored. For a linear problem Aq 1ocal and AUcai will be zero after the first iteration,
even if the global reduced system is not solved exactly. Thus Aqlocal and Aulocal provide a
measure of the nonlinearity of the system and may be used as an indicator to drive an inner
nonlinear iteration on an element-wise level.
The contribution to the global reduced system and residual due to element , are given
by:
AK A A
A = - L A A qq qu q (2.35)
AA Aq AA I A n
Aq An j [bAn An bK
bn =K2- An Ag K4 U qq q (2.36)
A A q A u q A n uK
In general, the linear system (2.16) is too large to solve directly, thus a preconditioned
GMRES algorithm is used to iteratively obtain a solution. In particular, this work develops
domain decomposition preconditioners for the efficient parallel solution of (2.16). Note,
that the local solve and solution updates are trivially parallelized as these operations are
completely independent on each element.

Chapter 3
Domain Decomposition and the
Additive Schwarz Method
In this chapter an additive Schwarz method (ASM) is developed for the solution of the
HDG discretization. Section 3.1 presents the domain decomposition and introduces nota-
tion. Section 3.2 presents a minimum overlapping additive Schwarz preconditioner with and
without a coarse space for the parallel solution of the HDG discretization. In Section 3.3,
the performance of the ASM preconditioners is assessed for several scalar PDE problems.
3.1 Domain Decomposition
Consider a partition of the domain Q into subdomains Ri such that the closure of Q, Q, is
given by UN =  i. The subdomains Qi are disjoint regions of diameter O(H), consisting
of a union of elements in T. Define Ei to be the union of edges and faces on Gi. The interface
of subdomain Qi is defined as ri = 80i\aQ while the collection of subdomain interfaces F
is defined as F = U y 1F. Figure 3-1 depicts graphically a sample grid partitioned into three
non-overlapping subdomains.
Denote by A the space of finite element functions on edges in E, while A() denotes finite
element functions on edges in Ei. A Lagrange nodal basis is used to define A() and A. Define
restriction operator R() :A -; AC) which maps global vectors on E to its local components
on Ei. Thus, the local solution vector AC = R(z)A is defined by nodal values on Si. The
F1
-+ - - H - 2
Figure 3-1: Sample grid and non-overlapping partition
local stiffness matrices, A('), and load vectors, b(0), correspond to local forms:
ai(Ay) = 1 a,(A, p) bi(p) = E br(p) (3.1)
which may be computed independently on each subdomain. Note that the local bilinear form
ai(A, pL) has natural boundary conditions on FI. Thus the system, A(') A() = b0, corresponds
to a problem with Neumann boundary conditions on Fi.
The global stiffness matrix and load vector are obtained by assembling with respect to
the interface degrees of freedom:
N N
A - R(C A(')R() and b = Z R(')b0 (3.2)
i=1 i=1
3.2 Additive Schwarz method
Consider the domain decomposition presented in Section 3.1. Denote by Q the region
obtained by extending Qi by a single element across each edge e E Fi. Figure 3-2
Denote by A() := RC)AR() T the block extracted from A corresponding to edge degrees
of freedom on interior to Q'. While A(') and A() have the same size, A(i) 4 A('). As noted
previously A(') corresponds to a finite element problem in Qi with Neumann boundary con-
dition on Fi. On the other hand, A(i) corresponds to a finite element problem on Q' with
RM
Figure 3-2: Overlapping partition
homogeneous Dirichlet boundary condition on 0'f. The additive Schwarz method involves
the solution of N independent Dirichlet problems corresponding to each overlapping subdo-
main, Qi, which may be performed in parallel, by assigning a subdomain to each processor.
Using the notation previously defined, the overlapping additive Schwarz preconditioner is
written as:
N
MK-1 = (3.3)MASM
i=1
This preconditioner is called minimum overlapping since if GA is the adjacency graph corre-
sponding to A, then R(') extracts nodes of GA with overlap corresponding only to nodes on
l'. Figure 3-3 depicts the solution obtained by applying one iteration of the additive Schwarz
method to solve a p = 5 discretization of the Poisson problem presented in Section 3.3 on
the sample partitioned grid.
The basic form of the additive Schwarz method lacks a global correction and thus is
not scalable for elliptic problems. Such a coarse space correction is necessary in order to
control low frequency error modes that span multiple subdomains [118]. Additive Schwarz
preconditioners with coarse spaces have been widely studied for continuous finite element
discretizations of elliptic problems [29, 52], as well as for mixed finite elements [22], spectral
elements [36], and discontinuous Galerkin discretizations [5-7, 55, 70]. In a typical analysis
the condition number of the preconditioned system, MISMZ is bounded as K (MAMA)
C (1 + H), where H is the diameter of a subdomain Qi, while 6 is the amount of overlap
)M 1ASM
Figure 3-3: Additive Schwarz method applied to sample Poisson problem
and C is a constant independent of H or 6 [29, 52]. The condition number does not depend
directly upon H but only upon the factor H. If the overlap is such that 6 > cH for some
constant c, the subdomains are said to have "generous" overlap. With generous overlap, the
condition number of the preconditioned system becomes independent of 1 and H and the
method is both scalable and optimal. On the other hand, this work considers an additive
Schwarz method with overlap, 6, proportional to the element size, h. Thus, the condition
number bound has the form r < C (1 + 1 ), hence the preconditioner with coarse space is
scalable, but not optimal.
In many cases, the coarse space for Schwarz methods is based on a discretization of the
finite element problem on a coarser mesh [118]. In particular, it is often assumed that finite
element mesh on which the solution is desired is obtained from successive refinements of a
coarse mesh. This allows for very simple definition of restriction and prolongation operators.
However, for problems involving complex geometries solved on unstructured meshes, an
appropriate coarse problem may be much more difficult to define as the subdomains may have
arbitrary shape. A possible approach involves generating a coarse problem by agglomerating
elements of the fine mesh as in an agglomeration multigrid approach [81, 86, 90]. However,
the particular choice of agglomeration strategy may significantly impact the performance of
the solver [90]. Additionally, the communication pattern of the restriction and prolongation
operators may be quite complicated [90].
In this work a coarse space problem is defined algebraically using a projection of the
RW (i) A'-R(i)
global system matrix. Denote by AO the coarse finite element space. The coarse space is
defined by a set of coarse primal basis functions {<ek } and coarse adjoint basis functions
{<b*}. For now the exact form of the coarse basis functions is left undefined, except to
note that each coarse basis function, <Dk or b,, is associated with a subdomain interface
Ek = flQ n OyQ, i / j. Define by <b and <D* the matrices of coarse basis functions such
that <D : AO -* A defines prolongation operator from the coarse space to the fine space while
<D* :A --> Ao defines a restriction operator to the coarse space. The coarse system, AO, is
given by the projection:
Ao - < 2 (3.4)
The additive Schwarz preconditioner with additive coarse grid correction is written as:
N
M-1 = <bA-Ib*T + R R) (3.5)
i=1
A simple variant of this preconditioner is obtained by applying the coarse grid correction
in a multiplicative manner [113]. Namely, this preconditioner involves two sequential steps:
1) the solution of the coarse grid problem followed by a corresponding update of the residual,
2) the solution of N independent subdomain problems. The additive Schwarz preconditioner
with multiplicative coarse grid correction is written as:
N
MASMM = (DA-1(D*T + ZR )TA(-R() (i - AoA- IDT (3.6)
i=1
It remains to define the coarse basis functions {#gc } and {#*e,}. As noted previously, each
coarse basis function, #s, or #*kis associated with a subdomain interface E4. The value of
the coarse basis functions on each edge e is given by:
Okk/ e C Ei 6kk' e E E(I
Ri (#-ke|ako) e QiVi HI (e,|an) e E ,Vi (
where 6 kk' is the Kronecker delta, while Hi and W are harmonic extension operators to the
interior of Qi. In order to define the harmonic extension operators, the degrees of freedom
Figure 3-4: Coarse basis functions for additive Schwarz method
on each subdomain are partitioned into interior, A() E A(') and interface, A(i) E A', parts.I I )r rIpxs
The subspace of AW consisting of functions which vanish on F2 is denoted by A(), while
A(' denotes the space of edge function on Fi. The local solution vector, stiffness matrix and
load vector are written as:
A(') A( 1
A(') - II IF
A( A( 'r1 rr
FbM
and b0)
b)
(3.8)
The harmonic extension operators H- and R( which define mappings A(') --+ A are given
by:
Hi= II I
(I)Nr
an -A "Ai ]
and rH* =
For elliptic problems, the harmonic extension operators are energy minimizing extensions of
the interface values on Fi to all of QO. The definition of the coarse space is purely algebraic,
as the coarse basis functions is obtained from the global system matrix and its connectivity
graph without relying on any geometry information of the underlying mesh. Figure 3-4
depicts a particular coarse basis function, while Figure 3-5 depicts the solution obtain by
applying a single iteration of the ASMA preconditioner to the Poisson model problem.
Ar
A(')
(3.9)
+R (i)T A-lR(z) MASMA
Figure 3-5: Additive Schwarz method with coarse space applied to sample
Poisson problem
3.3 Numerical Results
In this section the performance of the ASM preconditioners are assessed for two linear scalar
model problems in a square domain 0 = [0,1]2 E R2. The first model problem is the Poisson
problem:
-Au = f (3.10)
where u(x, y) is the state while f is a source function so that the exact solution is given by:
u = sin(7rx) sin(7ry) (3.11)
The second model problem is the advection-diffusion problem:
V -(cu) - PAU = f in Q (3.12)
where c = (1,0) is the convective velocity, and y is the diffusivity and f is set such that the
exact solution is given by:
u = e-l/A where x = x + 0.1 (3.13)
Figures 3-6(a) and 3-6(b), respectively, plot the solution for the Poisson and advection-
diffusion problems.
(a) Poisson (b) Advection-Diffusion (p = 10-1)
Figure 3-6: Plot of solution for 2d scalar model problems
The relative performance of the different ASM algorithms is assessed in terms of the
number of GMRES iterations required to converge. It is assumed that the cost of each
GMRES iteration is dominated by the cost of the local solves, which are the same for all
ASM variants presented.
In the first numerical experiment, the Poisson model problem is solved on an isotropic
structured mesh, using a structured partition of the domain. The domain Q is partitioned
into N subdomains in a V x VK structured pattern. Locally, each subdomain consists of
n elements obtained by dividing Qj into squares of equal size and splitting each square into
two triangular elements. Figure 3-7(a) plots the isotropic structured mesh.
The performance of the preconditioners are assessed for varying N and n for solutions
with polynomial orders p = 2 and 5. Table 3.1 shows the number of GMRES iterations
required to decrease the 12-norm of the residual by a factor of 106. For a fixed number of
elements per subdomain, n = 128, the performance of the ASM preconditioner without a
coarse space degrades as the number of subdomains, N, increases. This behaviour is due to
the lack of a coarse space able to control the lower frequency error modes. On the other hand
for the additive (ASMA) and multiplicative (ASMM) preconditioners with coarse spaces, the
number of iterations appears to be bounded as the number of subdomains increases. For
(b) Anisotropic Mesh
Figure 3-7: Plot of meshes used 2d scalar model problems
p =2 p= 5
N n ASM ASMA ASMM ASM ASMA ASMM
4 128 19 20 19 23 24 22
16 128 33 29 27 39 38 34
64 128 52 35 30 63 43 38
256 128 78 36 33 96 45 41
1024 128 107 37 35 139 46 43
64 8 30 22 16 36 26 21
64 32 40 27 22 47 32 28
64 128 52 35 30 63 43 38
64 512 66 48 42 78 60 52
64 2048 77 66 59 92 82 72
Table 3.1: Number of GMRES iterations for Poisson problem on isotropic
structured mesh
(a) Isotropic Mesh
a fixed number of subdomains N = 64, the performance of the ASM preconditioner de-
grades with increasing number of elements per subdomain, due to the non-optimality of this
preconditioner in the case of small overlap. The ASMM preconditioner with multiplicative
coarse grid correction is, generally, slightly superior to the ASMA preconditioner with addi-
tive coarse grid correction. However, the use of a multiplicative coarse grid correction does
not alter the scaling of the preconditioner with N or n. Finally, note that the number of
iterations appears only weakly dependent on the solution order for all three preconditioners.
In the second numerical experiment, the advection-diffusion model problem is solved
on the same structured mesh as for the Poisson problem. The performance of the ASM
preconditioners are assessed over a large range of diffusivity, y, highlighting the difference
between the diffusion- and convection-dominated limits. Tables 3.2 and 3.3 show the number
of linear solves required to converge the 12-norm of the residual by a factor of 106 for ya = 1
and p = 10-6, respectively.
In the diffusion-dominated limit, (p 1), the behaviour of all preconditioners closely
match that of the purely elliptic Poisson problem. Namely, a coarse space is necessary to
ensure good scaling as the number of subdomains is increased, while the number of iterations
grows with the number of elements per subdomain.
Table 3.2: Number of GMRES iterations for advection-diffusion boundary
layer problem with p = 1 on isotropic structured mesh
In the convection-dominated limit, t = 10-6, all three ASM preconditioners converge in
a small number of iterations proportional to the number of subdomains in the stream-wise
p=2 p=5
N n ASM ASMA ASMM ASM ASMA ASMM
4 128 24 20 18 28 23 21
16 128 45 27 23 52 31 26
64 128 82 27 23 93 31 26
256 128 152 27 22 168 31 26
1024 128 239 27 23 261 31 26
64 8 43 19 14 49 22 16
64 32 61 21 18 69 24 20
64 128 82 27 23 93 31 26
64 512 110 34 29 122 38 33
64 2048 146 42 37 162 47 41
direction (VY). For this test case, the boundary layer is restricted to a small region near the
bottom of the domain. The elemental Peclet number, Peh = > 1 and there is insufficient
resolution to accurately resolved the boundary layer profile. As the Peh > 1 the diffusion
effects do not play a significant role in the convergence of the different preconditioners. The
coarse space does not provides any benefit in this case as it is unable to resolve the high-
frequency convective modes. In particular, a coarse space is not justified as the ASM method
without coarse space converges in fewer iterations than the slightly more expensive ASMA
and ASMM preconditioners.
Table 3.3: Number of GMRES iterations for advection-diffusion boundary
layer problem with p = 10-6 on isotropic structured mesh
In order to better understand the performance of the preconditioner in the convection-
dominated limit, Figure 3-8 plots the convergence history for p = 2, n = 128, and N = 64
or 256. The residual essentially does not decrease until iteration v/W at which point high
frequency errors have essentially convected out of the domain and the residual drops rapidly.
While the results of Table 3.3 suggest that a coarse space may not be necessary for
convection-dominated problems, the diffusive effects are masked by the lack of resolution in
the boundary layer region. In practice, a significant portion of the mesh should be clustered
near the bottom surface to ensure that the boundary layer region is fully resolved. In a
third numerical experiment an anisotropic boundary layer mesh is employed, with uniform
spacing in the x-direction and an exponential spacing in the y-direction. The aspect ratio
of the elements at y = 0 is given by AR = 1/viPe, where Pe = li/p is the Peclet number.
p =2 p=5
N n ASM ASMA ASMM ASM ASMA ASMM
4 128 3 6 5 3 6 5
16 128 5 10 7 5 11 8
64 128 10 17 12 11 18 13
256 128 19 30 20 19 29 21
1024 128 35 46 36 35 44 37
64 8 9 16 11 9 17 12
64 32 9 17 11 10 17 12
64 128 10 17 12 11 18 13
64 512 11 17 12 11 17 13
64 2048 10 17 13 11 18 14
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Figure 3-8: GMRES convergence history for advection-diffusion boundary
layer problem with pL - 10-6, p = 2 and n = 128 on isotropic
structured mesh
Figure 3-7(b) gives an example of one of the anisotropic meshes. Table 3.4 shows the number
of iterations required for the GMRES algorithm to converge by a factor of 106 for y - 10-6.
In this case there is sufficient resolution in the boundary layer region to resolve boundary
layer profile near the bottom of the domain such that Peh ~ 1, where Peh is the Peclet
number based on the element length scale in the cross-stream direction. Thus, the diffusive
effects play a significant role in the convergence of the different preconditioners. Compared
to Table 3.3, the performance of the ASM preconditioner without a coarse space is seen to
degrade relative to the ASMA and ASMM preconditioners.
Table 3.5 shows the performance on both the isotropic and anisotropic meshes over a
range of viscosities, for fixed N and n. Table 3.5 also gives the Hi-norm of the error in the
solution using both sets of meshes. On the isotropic meshes, the relative performance of
the ASM preconditioner without coarse space improves rapidly as the viscosity is reduced.
However, on these meshes the boundary layer region is under-resolved. On the other hand, for
the anisotropic meshes on which the boundary layer is resolved, a coarse space is important
throughout the range of viscosities.
p=2 p=5
N n ASM ASMA ASMM ASM ASMA ASMM
4 128 3 7 6 3 8 7
16 128 16 14 12 16 14 11
64 128 33 24 19 31 22 17
256 128 65 34 27 60 31 25
1024 128 126 40 37 118 37 35
64 8 18 17 13 18 16 12
64 32 25 19 15 23 18 14
64 128 33 24 19 31 22 17
64 512 46 32 25 42 29 23
64 2048 63 41 34 57 37 30
Table 3.4: Number of GMRES iterations for advection-diffusion boundary
layer problem with p = 10-6 on anisotropic structured mesh
__ p= 2  p=5
P - H 1  ASM ASMA ASMM "H ASM ASMA ASMM
___1 __ ItIHI 1___ ___ ____ ___
1 1.2 x 10-6 82 27 23 4.2 x 10-11 93 31 26
10-1 2.7 x 10-6 80 30 25 2.5 x 10-11 90 34 29
10-2 2.8 x 10-5 39 29 23 3.4 x 10 -10 43 33 27
10-3 6.0 x 10-4 20 22 17 5.2 x 10-8 21 23 18
10-4 1.2 x 10-2 11 20 15 1.9 x 10-5 11 21 15
10-5 1.4 x 10-1 11 19 13 3.4 x 10-3 11 19 15
10-6 3.1 x 10-1 10 17 12 7.8 x 10-2 11 18 13
- 1 1.2 x 10-6  82 27 23 4.2 x 10-11 93 31 26
10-1 8.8 x 10-7 85 31 24 2.3 x 10-11 99 35 27
Q 10-2 1.9 x 10-6 68 30 22 1.6 x 10-11 74 32 24
S10-3 4.2 x 10-6 51 29 23 1.7 x 10-11 51 26 22
- 10-4 5.0 x 10-6 41 28 22 2.1 x 10-11 40 26 21
i10-5 6.6 x 10-6 36 26 20 2.6 x 10-11 34 24 19
10-6 7.2 x 10-6 33 24 19 3.8 x 10-11 31 22 17
Table 3.5: Number of GMRES iterations on both isotropic and anisotropic
meshes with N = 64, n = 128

Chapter 4
Balancing Domain Decomposition
by Constraints
This chapter develops the BDDC preconditioner for the parallel solution of the HDG dis-
cretization. Section 4.1 derives a Schur complement problem involving degrees of freedom
on the subdomain interfaces. Section 4.2 presents the BDDC preconditioner for the Schur
complement problem, while Section 4.3 presents the BDDC algorithm as a preconditioner for
the entire finite element problem. Section 4.4 provides a theoretical analysis of the BDDC
preconditioner for second-order elliptic problems. Section 4.5 extends the BDDC precondi-
tioner for the solution of advection-diffusion problems and presents the Robin-Robin interface
condition. Finally, Section 4.6 presents numerical results using the BDDC preconditioner.
4.1 A Schur Complement Problem
In order to define the Schur complement system, the degrees of freedom on each subdomain
are partitioned into interior and interface parts as in Section 3.2. The subspace of A)
consisting of functions which vanish on Fi is denoted by A('), while A( denotes the space of
edge functions on Fi. Also define AI, the space of functions which vanish on r, and Ar which
corresponds to the space of edge functions associated with edges on F. Note that A, is equal
to the product of spaces A9 (i.e. AI := H LA('), while in general Ar c Ar := M A(.I i= I Z IrF
The assembled system, (2.16), may be rewritten as:
A11 A1r1  A1  bi (4.1)
Ar1  Arr Ar br
where A, and Ar corresponds to degrees of freedom associated with A1 and Ar respectively.
Since the degrees of freedom associated with A() ( and AI) are local to a particular sub-
domain they may be locally eliminated. The local harmonic extension operators (3.9) are
used to restrict (4.1) to a Schur complement system corresponding only to interface degrees
of freedom. The local Schur complement matrices and load vectors are given by:
- H* T A~). AZ
FF = i A(')Hi = A' - AI'AA , (4.2)
W = H*T b(T = b= ) - A(z) A(z) b(z) (4.3)
Define local operators R : A A' which extract the local degrees of freedom on Fj from
those on IF. Additionally define a global operator Rr : Ar -+ Ar which is formed by a direct
assembly of R(Q. The global Schur complement problem may then be written as:
SrrAr gr, (4.4)
where
N
Srr = Arr - AFAJAir =( S T F' (4.5)
i=1
N
gr = brr - ArIA bi' rI = ( R (4.6)
i=1
Alternatively, the fully assembled Schur complement may be written as:
Srr = R[SrrRr, (4.7)
where Srr is the block diagonal matrix where each block corresponds to S(. Namely:
rr
Srr= '-. (4.8)
S(N)
"rrJ
In practice, the Schur complement system need not be formed explicitly for a preconditioned
GMRES algorithm. Instead, the action of Srr on a vector Vr E Ar is computed by solving
local Dirichlet problems corresponding to A and summing the resulting vectors.
Finally, note that (4.4) is the discrete equivalent of a weak form: find Arp E Ar such that
sr(Ar,Ipr) = gr(r) Vpr E Ar, (4.9)
where sr(Ar, pr) and gr(pr) are given by
N N
sr(Ar, pr) = > si(Ar, pr) = - (AEitro + AG" 0 )nj, pt), (4.10)
i=1 i=1
N N
gr (tr) = 3gi(r) = > (AFik + AGSk)i, , (4.11)
i=:1 i=1
where (AEir,0 + AG i)nj is the change in numerical flux on F obtained by solving the
linearized problem corresponding to (2.11) - (2.13) in Qj with zero right-hand side and
-0R IORboundary condition Au = Ar on Li. Similarly, (AP '+AG )ni is the change in numerical
flux obtained by solving the linearized problem in Qj with Afn = 0 on 1i and right-hand
sides corresponding to the residuals of (2.11) - (2.13).
4.2 The BDDC Preconditioner
In order to define the BDDC preconditioner for the Schur complement problem, (4.4), A('
is partitioned into two orthogonal spaces A( and A('. The dual space, A(, corresponds to
the subset of function in A( constrained to have zero average on all subdomain interfaces,
Ek. Namely, every function A(') E A satisfies:
SJA() = 0 Vk E Fi. (4.12)
eE~k
The primal space, A(', is spanned by basis functions {#/4') } associated with each subdomain
interface Ek:
zo jk. (4.13)
eE&3i
For conforming finite element methods, subdomain corner degrees of freedom are also in-
cluded in the primal space. However, for the HDG discretization there are multiple degrees
of freedom at subdomain corners, corresponding to the endpoints of each subdomain inter-
face, Ek meeting at the corner. As each degree of freedom in Ar is associated with exactly
two subdomains, and there is no need to add any corner degrees of freedom to the primal
space for the HDG discretization.
Define the partially assembled space as:
r= Ar l (Hf 1 A2)), (4.14)
where An is the assembled global primal space, single valued on F, which is formed by
assembling the local primal spaces, A('. The BDDC preconditioner may be viewed as
solving a finite element problem on a partially assembled finite element space, Ar, in order
to precondition the Schur complement problem whose solution lies in the fully assembled
space Ar [71].
A key component of the BDDC preconditioner is an averaging operator which restricts
functions from Ar to Ar [71]. A positive scaling factor 6t(Ek) is defined for each interface
E4 of subdomain Qj such that 6(Ek) + 6 (9k) = 1 where E4 = 80 n8Qj. For elliptic
problems with discontinuous coefficients across subdomains, 6(S) should be weighted by
the coefficients on subdomains Qj and Qj to obtain good performance [118]. However, in
this work 6(S) is simply set to 1/2, unless otherwise specified. Define D( : A( ->A(
as the diagonal matrix formed by setting the diagonal entries corresponding to each nodal
degree of freedom on Ek to 6!(Ek). Also define Dr : Ar - Ar as the diagonal matrix with
diagonal blocks D(Q. Finally, define RD,F : Ar -* Ar as the product RD,F := DrRr.
The BDDC preconditioner is given by:
MrBDDC D,F~R5 D,F- (4.15)
The operator S76 : Ar -+ Ar*
the partially assembled space.
corresponds to the solution of the finite element problem on
The action of 5- may be efficiently computed as:
5(1)~1
rr
5rr = rS Axp +
0
(4.16)
0
,IF
where Tr, T*, Srrj and 5z)are defined below. Denote by T and W i E A( the local
coarse basis functions defined by:
[S B~ i
B() 0
a [Si) B (i) 1 F*(i) 0 1
and =r (4.17)
B(' 0
where each row of B defines a constraint corresponding to a subdomain interface Ek E Fi,
such that the second block row of (4.17) corresponds to satisfying the zero-mean condition,
(4.12). In (4.17) and throughout this chapter, "*" denotes any term which is not used and,
thus, not defined. Define local operators RW): A1 - A) which extract the local coarseH H
degrees of freedom on Fi from those on F. The global coarse basis functions Tr and T* are
the matrices formed by concatenating the local coarse basis functions; namely:
F R
T(N) R(N)
r rF H _
and T = (4.18)
The global coarse system matrix Srr is given by:
N
S = Sr r = S R
i=1
(4.19)
The application of 5 to a vector o E A(' corresponds to the solution of a constrained
Neumann problem, defined by:
S B $ 101vW WFrr r rr V Fl. (4.20)
B 0 0
As discussed previously, S(' is usually not formed explicitly. Instead the solution of the
constrained Neumann problem is computed as
A(') A() 0 I0
A A() B $ v = V (4.21)
0 B(') 0 10
The BDDC preconditioner may be applied efficiently in parallel as the constrained Neumann
problems are solved independently on each subdomain. Thus, the only globally coupled solve
corresponds to the primal correction, xI* TSm1 T, which has only a small number of degrees
of freedom, on the order of the number of subdomains.
In Section 4.4 a condition number bound
t -(Mr!Dj$r) C(1 + log(p 2H/h))2 , (4.22)
is given for the preconditioned operator Mr DDCSrr of a second-order elliptic problem. The
constant C is independent of solution order, p, element size, h, and the subdomain size,
H. Thus the condition number and hence number of iterations required to converge is
independent of the number of subdomains and only weakly dependent on the solution order
and the size of the subdomains.
4.3 The BDDC Preconditioner Revisited
Section 4.2 presented the BDDC preconditioner for the Schur complement problem (4.4).
In this section the BDDC preconditioner is reformulated as a preconditioner for the entire
finite element problem, (2.16). This formulation is necessary in order to be able to develop
inexact BDDC preconditioners for which only an approximate Schur complement problem
is formed using inexact local solves.
Consider the global fully-assembled system
system may be rewritten as:
A11
Ar1
A1r
Arr
(2.16) written as in Equation (4.1). This
(4.23)
with corresponding inverse
- 1-1
A11  Air
ArI Arr
-A-AiAir A-' 0
Ir 0 $-1
I,
-ArIAI7J
0
.(4.24)
IF 
_
The BDDC preconditioner for the global system may be obtained by replacing $rr in (4.24)
with MrBDDC. Namely, the BDDC preconditioner for the global system (4.1) may be written
as:
-1MBDDC =
Ii -A-'Ajr A-' 0 I1 00I - IF 1 [-1 i[ II 1 . (4.25)
. 0 Ir 0 MFBDDC [ 1 IF
The BDDC preconditioner for the global system may be viewed as solving a finite-element
problem on the partially assembled space A = Ar E A1 in order to precondition the finite
element problem whose solution lies in the fully assembled space A. It has been shown that
the preconditioned operator, M- DCA, has the same eigenvalue spectrum as the precon-
ditioned Schur complement operator MrBDDcSrr [71]. Inserting the expression for M-DC
and performing a simple algebraic manipulation (4.25) may be rewritten as:
MB1DC --= (4.26)
Here 5 and 75*T : A -> A are harmonic averaging operators defined as:
and R* = R,
_ D,r r I A-1 D,r
with AIF and Ari corresponding to the unassembled stiffness matrix components (i.e Air =
0 A11  0 I1
Ar1Af| I 0 $ ][
AT1Ajr JD,r
RD,r
(4.27)0
AIrRr and Arn = RrArI) and jump operator JD,r = (I - RD,FrF . The solution of the
partially assembled system A-1 may be written in the same form as (4.16):
A-' = -S1 *T + diag ({ , (4.28)
where T, J* and Z(j)' take on a similar form as TF, 'I* and 5rr , respectively. Namely,
the global primal basis functions are obtained by concatenating local primal basis functions
defined by:
and A
BWC 0 F* W
0I (4.29)I 
-
where constraints B(M are obtained by expanding B by
freedom. The application of A(-1 to a vector v(0) EA
constrained Neumann problem:
A(M B(i)T 1F AM )
B(M 0 *
zeros to all interior degrees of
is defined by the solution of a
v()
0
(4.30)
The primal Schur complement Sur may also be written as:
N
Snn = ( RTT*(i A(CWT( R(. (4.31)
As in Section 3.2 the action of the BDDC preconditioner is depicted graphically for the
sample Poisson problem presented in Section 3.3. Figure 4-1 depicts the coarse basis function
associated with interface S1. Note that coarse basis function is in the partially assembled
space, such that only the primal degree of freedom (i.e. the edge average) match between
Q1 and Q2. Figure 4-2 depicts the partially assembled solve, while Figure 4-3 depicts the
solution upon applying the harmonic extensions.
A(z)
B(') 0
I(W 0
= L -
Figure 4-1: Coarse basis functions for BDDC
+
!S- 1 X*T
Figure 4-2: Partially Assembled solve applied to sample Poisson problem
Figure 4-3: Effect of harmonic extensions for sample Poisson problem
A-1
4.4 Convergence Analysis
This section provides an analysis of the BDDC preconditioner for elliptic problems and proves
a condition number bound for the preconditioned system. As a model problem, consider the
following linear second-order scalar elliptic equation in a domain Q C R2
-V -(pVu) = f in Q,
u = 0 on 09Q, (4.32)
with positive pt E L (Q) and f E L2 (Q). Additionally, assume that pa takes on a constant
value on each subdomain Qi. The BDDC preconditioner presented in the previous sections
is used to solve the HDG discretization of (4.32). In order to allow for large jumps in the
coefficient t across subdomains, the weighting function of is modified to be:
Z E - s = Qi n Q1 -y E [1 /2, oo] . (4.33)
p?+ pf
The HDG discretization of (4.32) results in a linear system which has the same struc-
ture and connectivity as a hybridized-mixed Raviart-Thomas (RT) or Brezzi-Douglas-Marini
(BDM) finite element discretization of the same problem. The development and analysis of
the BDDC preconditioner for hybridized-mixed finite element methods has already been
presented in [119]. Given the similarities between hybridized versions of mixed methods and
HDG methods, highlighted in [40] and [39], it is not surprising that the BDDC algorithm
may be extended to HDG methods. Specifically, the analysis presented here builds upon the
results of [119] which in turn builds upon [43] to show that the BDDC algorithm applied to
the HDG discretization results in a preconditioned system with the usual condition number
bound K < C(1 + log(p 2H/h))2. Using a similar analysis, the same condition number is
derived for a large class DG methods in Appendix B.
A key component in the analysis of the BDDC method is to connect the HDG discretiza-
tion to a continuous finite element discretization on a sub-triangulation T of T (See [43]).
The following lemmas allow this connection to be drawn.
Lemma 4.4.1. The local bilinear form a,(Ah, Ah) satisfies
an(Ah,Ah) ;> 0, (4.34)
with aK(Ah, Ah) = 0 iff Ah is constant on an.
Proof. Follows from Proposition 3.3 in [40] Proposition 3.3. L
Lemma 4.4.2. There exist constants c and C independent of p, h, H and p, = -ti such
that for all Ah E Mh(K)
can(Ah, Ah) pp 4 hn- 2  x -E(Ah(xi) - Ah(xj)) 2 < Cas(Ah, Ah), (4.35)
where xi, x3 are the nodes defining the basis for Ah on K.
Proof. Lemma 4.4.2 is a direct consequence of Lemma 4.4.1 and a scaling argument. See
[43] Lemma 4.3 for the equivalent proof for a mixed finite element discretization. l
Lemma 4.4.3. For any region w E Q composed of elements n in T, there exist constants c
and C independent of p, h, |wI and p such that for all Ah C Mh(W)
caw(Ah,Ah) -E w p 4hn- 2 xjxj(Ah(Xi) - Ah(X)) 2 < Caw(Ah,Ah). (4.36)
Proof. See [43] Theorem 4.1. 0
Define Uh(Q) to be the continuous linear finite element space defined on the triangulation
T. Additionally define Uh(Qi) and Uh(OQi), as the restriction of Uh(Q) to Oj and 8Qj
respectively. Define I Q as the interpolant of any function into the space Uh(Q) using the
function values at the nodes xi. Similarly define I js which maps functions into the space
Uh(BO) using nodal values at nodes xi on 8s. Finally, define Uh(Qi) and Uh(80i) as the
range of i2 and I respectively.
The following lemmas which are the equivalent of those presented in [43] for mixed finite
elements, allow the quadratic form given in Lemma 4.4.2 to be connected to a continuous
finite element discretization.
Lemma 4.4.4. There exists a constant C > 0 independent of p, h and H such that
I ' IH1(Qi )
||laIO '#||2(Qj)
< CkIH1(Qi)
5 C|4 IIL2(Qj)
VO E Uh(Qi),
V# E Uh(Qi).
(4.37)
(4.38)
Proof. See [43] Lemma 6.1.
Lemma 4.4.5. There exist constants c,C > 0 independent of p, h and H such that for any
E Uh(8Qi)
< inf#Ega(Q>),jan= 110 IIH1(Qi)
# n E~h(Qj),#|aqj= IH1(Qi)
c| | 1 /' 2(a )
C 5 H1/2(a j
< CII 4 IIH1/2(agj),
H1/ 2 (aQ) *
(4.39)
(4.40)
Proof. See [43] Lemma 6.2.
Lemma 4.4.6. There exists a constant C > 0 independent of p, h and H such that
|II Ii4' IH1/2(aQ2) < C| | IIH1/2(aOq) V E Uh(aQi).
Proof. See [43] Lemma 6.3.
Lemma 4.4.7. There exist constants c and C independent of p, h, H and pi such that for
all A) E A(',
cpti IaQ'A(
1 h 128 ) I
X ,(S)A( < Cpjr --jrr
Proof. See [43] Theorem 6.5. El
Using known results for continuous finite element discretizations gives the main theoret-
ical result.
Theorem 4.4.8. The condition number of the preconditioner operator M SFF is bounded
by C(1 + log(p 2H/h))2 where C is a constant independent of p, h, H and p.
Proof. See for example [75] Theorem 3 or [119] Theorem 6.1. El
(4.41)
H12M 2h FL/ a) (4.42)
4.5 Robin-Robin Interface Condition
The BDDC preconditioner was originally developed for the solution of symmetric positive-
definite system and must be modified for the solution of non-symmetric systems. In [1],
Achdou et al. replaced the Neumann-Neumann interface condition corresponding to natural
boundary conditions on F, with a Robin-Robin interface condition for a continuous finite
element discretization of an advection-diffusion problem. The Robin-Robin interface condi-
tion ensures the coercivity of the local bilinear form, ai (A, p). Additionally, Fourier analysis,
on a partitioning of the domain into strips in the cross-stream direction, showed that in the
convective limit, the resulting algorithm converges in a number of iterations equal to half the
number of subdomains in the stream-wise direction. The Robin-Robin interface conditions
have been used along with a FETI method to solve linear convection-diffusion problems
by Toselli [117]. Similarly, Tu and Li used the Robin-Robin interface condition to extend
the BDDC method to convection-diffusion problems [121]. Tu and Li introduced additional
primal degrees of freedom corresponding to "flux" constraints and showed that the resulting
BDDC algorithm was scalable if the subdomain length scale, H, was sufficiently small rela-
tive the viscosity. Namely, the behaviour of BDDC preconditioner matches the symmetric,
diffusion dominated limit if the subdomain Peclet number is sufficiently small. Yano and
Darmofal generalized the Robin-Robin interface condition to the Euler equations discretized
using entropy variables by deriving a local bilinear for which conserves the energy stability
of the global bilinear form[123, 124].
As in the case of continuous finite elements, the local bilinear forms for the HDG dis-
cretization are not in general coercive for convection-diffusion problems. In the remainder of
this section, a Robin-Robin interface condition is derived for the HDG discretization which
modifies the local bilinear form to ensure its positivity. Consider the linearized problem:
(Aikiul - Kijklul,xj)x = fA, (4.43)
with symmetric flux Jacobian and viscosity tensor (i.e. Agik = Ailk and Kijkl = Kjilk).
Equations (2.7)-(2.8) are rewritten as:
(qik, Vik) -+ (Uk, Vik,x), - (Olk, Vikni)a,
- Gik)ni,wk )
= 0 VV E V,
= (fk,wk)K VWEWf,
with numerical flux:
{Fik + Gik) ni = Aikiniui - Kijklniqjl + Skl(ul - fil).
The element wise contribution to the HDG bilinear form, (ignoring boundary contributions
on 8W), is given by:
a,(A, A) = - ((AikiAl -Kijkiqj) ni + SkI(ul - Ai), Ak)a (4.47)
= - (AiklAlni, Ak)a + (Kijk1qjrin, Ak)a - (Ski (ul - Al), Ak)a-
From (4.44) with vji = K jklqjl (and switching i j and k,l) gives
(Ak, Kijkiqjjnj)ax - (Uk, (Kijkiqj1),x ) - (q+ik, Kijklqjl)K (4.48)
- - (uk,, Kijklqji), + (uk, Kijkqj1)a- + (qik, KijkIqjl),
From the conservation equation (4.45) with Wk = Uk (and fk = 0):
(4.49)
- (Aikiu1,uk,x,) + (Kijklqji,uk,i),n
+ (AiAi, niUk)K - (Kijklqjl, niUk),aK + (Ski uI - Ai ), Uk)aK,-
Adding (4.47) and (4.49), using the substitution in (4.48), and then integrating by parts
gives:
= (qik, Kijkiqji), + (Ski - 1Aikin) (ul - Ai),
1
- (AikinAi, Ak)aK.2
-(Aikiuk - Kijkiqji, Wk,xi): -|-{$k
(4.44)
(4.45)
(4.46)
0 = -(Aikiu - Kijk1qjiuk,x) -- i,Uk k
a,(A, A) (Uk - Ak)
(4.50)
While the first two terms of (4.50) are positive, -- (Aikin&l, Ak)aK, in general, is not. Con-
sider a modified local bilinear form d p(A, ) which is obtained from a,(A, p) by subtracting
the term which may be negative from each face O9n\8Q:
1
y(Ap) := a(A, pt) + I(AikingAl, p)a .(4.51)2
By construction dK(A, A) > 0. Note that on each edge e shared by elements ni, j kArintAj, Ak)aK+-
(Aikin Al, Ak),g_ = 0, since n = -n+. Thus, the sum of the modified local bilinear forms
aK(A, t) gives exactly the sum of the original local bilinear forms a,(A, p) namely:
a(A, p) = a,.(A, p) =Z a(A,1 ). (4.52)
A corresponding subdomain-wise bilinear form may thus be defined as:
di (A, p):E dn (AI p),7 (4.53)
where the positivity of di(A, A) is guaranteed by construction:
di (A, A) = (qi, Kijkiqji), + (Ski - Aikni (ul - Ai), (Uk - A()
> 0. (4.54)
In practice, the element-wise forms only need to be modified on edges e E F as the subdo-
main interior contributions cancel. While the original subdomain-wise bilinear form ai(A, p)
corresponds to setting a Neumann boundary condition on ri for an advection-diffusion prob-
lem, the modified subdomain-wise form di (A, p) corresponds to setting a Robin boundary
condition on Pi. Thus, the interface condition corresponding to the use of the modified
subdomain-wise bilinear form is called a Robin-Robin interface condition. In the case of a
purely hyperbolic system of equations (eg. the Euler equations) the interface conditions are
not strictly speaking Neumann or Robin. Nonetheless, throughout this thesis the algorithm
using the original local bilinear form, ai (A, p), will be referred to as the Neumann-Neumann
algorithm (having Neumann interface conditions), while the algorithm using the modified
bilinear form, di(A, p), will be referred to as the Robin-Robin algorithm (having Robin in-
terface conditions).
While the Robin-Robin interface condition required to ensure the positivity of the local
bilinear form is unique for a scalar PDE, other choices are possible when considering a system
of equations. In the case of a system of equations, the local bilinear form may be modified
to be:
a..(A, pu) = - Fikini, ylk + - (AikinhiA, p'k)a9 + (Zikin Al, p'k)aK , (4.55)
where Ziki is skew-symmetric matrix (i.e Zikini = -Zilkni). The addition of the skew
symmetric term does not change the positivity of the local bilinear form as:
1
a,(A, A) = (-Fikini, Ak + - (AikiniAl, Ak)~a + (ZikiniA, Ak)a,
as2
-- F\t i, \9k? + - (AikiniAl, Ak)a,+ - ( O ,- - ( I,2
= &(A, A). (4.56)
In Chapter 6 the Euler system is further analyzed in order to choose a form for Zikl which
improves the convergence of the BDDC algorithm.
4.6 Numerical Results
This section presents numerical results to assess the performance of the BDDC precondi-
tioner.
In the first numerical experiment, the Poisson model problem, (3.10), is solved on the
structured mesh described in Section 3.3. Table 4.1 shows the number of GMRES iterations
required to decrease the 12-norm of the residual by a factor of 106, varying p, n and N. As
predicted by the analysis in Section 4.4 the number of iterations is bounded as the number
of subdomains, N, increases. Additionally, the number of iterations grows only weakly when
increasing the number of elements per subdomain, n, or the solution order p.
The second numerical experiment examines the behaviour of the BDDC preconditioner
for the elliptic problem (4.32), with large jumps in the coefficient P. The domain is parti-
tioned in a checkerboard pattern with [t = 1 in half of the subdomains and y = 1000 in the
remaining subdomains. Initially the weighting function 6f is set such that 6e (Ek) = (k) =
Table 4.1: Number of GMRES iterations using BDDC preconditioner for
Poisson problem on isotropic structured mesh
1/2 on each subdomain interface Ek = R n j,which corresponds to setting Y = 0 in (4.33).
This choice of -y does not satisfy the assumption -y E [0, oc), and poor convergence of the
BDDC algorithm is seen. Table 4.2 shows the corresponding iteration counts for varying p,
and N with fixed n = 128. Next ot is set as in (4.33)
good convergence properties of the BDDC algorithm
with - = 1. With this choice of 6 the
are recovered.
Table 4.2: Iteration count for BDDC preconditioner with y = 1 or p = 1000, n = 128
For the third numerical experiment, the advection-diffusion boundary layer problem,
(3.12), is solved on the isotropic mesh. Tables 4.3 and 4.4 give the number of iterations
required to converge for y = 1 and p = 10-6, respectively. In the diffusion-dominated case,
(t = 1), the behaviour is similar to the purely elliptic case. Namely, the number of iterations
depends weakly on n and p, and is bounded as N increases. In the convection-dominated
N n p=O p=1 p=2 p=3 p=4 p=5
4 128 2 1 1 1 1 1
16 128 7 8 8 9 9 9
64 128 10 12 12 14 14 16
256 128 9 12 13 14 15 16
1024 128 10 12 13 14 15 16
64 8 5 8 10 10 12 12
64 32 7 10 11 12 13 14
64 128 10 12 12 14 14 16
64 512 11 13 14 16 16 17
64 2048 13 15 16 17 18 19
N p=O p=1 p=2 p=3 p=4 p=5
- 4 5 7 6 6 5 5
|| 16 18 24 26 29 32 39
' 64 48 78 101 118 135 149
W 256 73 112 143 166 187 237
1024 79 124 157 209 231 251
4 2 2 1 1 1 14 16 5 5 5 6 6 7
|| 64 9 10 10 11 11 11
'' 256 15 15 17 17 17 17
W 1024 15 16 18 18 18 18
case, (j = 10-6), the number of iterations is approximately half the number of subdomains
in the convective direction (i.e. vK//2).
N n p=O p=1 p=2 p=3 p=4 p=5
4 128 4 4 5 5 5 5
16 128 6 7 8 8 8 9
64 128 7 7 8 8 9 9
256 128 6 7 8 8 8 9
1024 128 7 7 8 8 8 9
64 8 4 6 7 7 8 8
64 32 5 7 7 8 8 9
64 128 7 7 8 8 9 9
64 512 7 8 8 8 9 10
64 2048 7 8 8 9 10 10
Table 4.3: Number of GMRES iterations for advection-diffusion boundary
layer problem with t = 1 on isotropic structured mesh
N n p=O p=1 p=2 p=3 p=4 p=5
4 128 1 1 1 1 1 1
16 128 2 2 3 3 3 3
64 128 4 5 5 5 6 6
256 128 9 9 10 10 11 12
1024 128 17 17 18 18 19 19
64 8 4 4 4 5 5 5
64 32 4 4 5 5 5 5
64 128 4 5 5 5 6 6
64 512 5 5 5 6 7 7
64 2048 5 5 6 7 7 7
Table 4.4: Number of GMRES iterations for advection-diffusion boundary
layer problem with t = 10-6 on isotropic structured mesh
As noted in Section 3.3, the boundary layer is not resolved on the isotropic mesh and an
anisotropic mesh should be used. Table 4.5 gives the number of GMRES iterations required
to converge the boundary layer problem with p = 10-6 on the set of anisotropic meshes
introduced in Section 3.3. Table 4.5 shows only slight increase in the number of iterations
relative Table 4.4. Table 4.6 shows the iteration count on both isotropic and anisotropic
meshes over a wide range of p. The BDDC preconditioner performs well over the entire
range of p for both isotropic and anisotropic meshes.
N n p=O p=1 p=2 p=3 p=4 p=5
4 128 1 1 1 1 1 1
16 128 4 4 4 4 4 4
64 128 7 8 8 8 8 8
256 128 11 12 12 12 12 11
1024 128 19 20 20 20 20 20
64 8 6 8 8 8 8 8
64 32 7 8 8 8 8 8
64 128 7 8 8 8 8 8
64 512 8 8 8 8 8 7
64 2048 7 7 7 7 7 7
Table 4.5: Number of GMRES iterations for advection-diffusion boundary
layer problem with p = 10-6 on anisotropic structured mesh
A p=0 p=1 p=2 p=3 p=4 p-=5 II ( = 5)
______________________________________ 11 IU* IIH,
1 7 7 8 8 9 9 4.2 x 10- 1
i 10-1 7 8 9 9 10 10 2.5 x 10-"
2 10-2 9 10 11 11 11 12 3.4 x 10-10
10- 3  7 8 8 9 10 10 5.2 x10-8
10i- 6 7 7 7 7 7 1.9x10 5
10- 5 5 6 7 7 7 3.4 x10 3
10~6 4 5 5 5 6 6 7.8 x 10~ 2
1 7 7 8 8 9 9 4.2 x 10- 1'
10-1 8 9 10 10 10 11 2.3 x 10-"
o 10-2 8 9 10 10 11 11 1.6 x 10-11
' 10- 8 8 8 9 9 9 1.7 x 10-"
- 10-4 7 8 8 8 7 7 2.1 x 10- 1
. 10-5 7 7 7 7 7 7 2.6 x 10~ 1
! 10-6 7 8 8 8 8 8 3.8 x 10-1
Table 4.6: Number of GMRES iterations on both isotropic and anisotropic
meshes with N = 64, n = 128
In the final numerical experiment presented in this section, the performance of the BDDC
preconditioner is compared to the ASM and ASMA preconditioners developed in Chapter
3. The advection-diffusion boundary layer problem is solved with t = 10-4 on a sequence
of anisotropic unstructured meshes generated using the Bidimensional Anisotropic Mesh
Generator (BAMG) [63]. An initial mesh with approximately 512 elements is generated
through an adaptive process, while finer meshes are obtained by refining the desired grid
metric and completely remeshing. The meshes are partitioned into N subdomains, with
approximately n elements each, using ParMetis [65]. Figure 4-4 plots the mesh with 512
elements as well its partition into four subdomains.
(a) Mesh (b) Partition
Figure 4-4: Unstructured mesh and partition for advection-diffusion bound-
ary layer problem
A single application of the BDDC preconditioner involves a local constrained Neumann
solve on each subdomain, and either a forward- or back-solve for the application of the
harmonic extensions. As it is assumed that the dominant cost of the application of any
of the preconditioners is the cost of the local solves, a single application of the BDDC
preconditioner is approximately twice that of the ASM or ASMA preconditioners. Thus the
relative performance of the different preconditioning algorithms is assessed in terms of the
number of local linear solves required to reduce the 12-norm of the residual by a factor of 104 .
Figure 4-5 plots the number of local linear solves required to solve the advection-diffusion
boundary layer problem for fixed n = 128 over a large range of N, while Figure 4-6 shows
the performance of the preconditioners for fixed, N = 64 with increasing number of elements
per subdomain. In general, the performance of the BDDC preconditioner is superior to the
ASM and ASMA preconditioners, for the range of N and n considered. The performance
of ASM preconditioner without a coarse space degrades much more rapidly than the ASMA
and BDDC preconditioners with coarse spaces as the number of subdomains is increased.
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450 -ASM 450 -ASM
40 ASMA 400 ASMA400 A 0
---BDDC --- BDDC350 
- 350
300 300-
-a 0
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Figure 4-5: Number of local linear solves for advection-diffusion boundary
layer problem with p = 10- 4 , and n ~ 128 on anisotropic un-
structured meshes
Unfortunately, the performance of all three preconditioners is much worse on the unstruc-
tured anisotropic meshes than that using the structured meshes. Table 4.7 gives the number
of local linear solves for this problem using both structured and unstructured meshes. For
example at n = 128 and N = 64 the unstructured mesh problem requires approximately 10
times as many iteration as for the structure mesh problem.
50 V) 350(D
DO -300-
0
50 - 2 5 0 -
DO -200
50 -- 150-
DO- .- 100
50 50-
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Figure 4-6: Number of local linear solves for advection-diffusion boundary
layer problem with p = 10-4, and N = 64 on anisotropic un-
structured meshes
p=2 p=5
N n ASM ASMA BDDC ASM ASMA BDDC
4 128 3 6 2 3 6 2
16 128 14 9 8 13 8 8
3 64 128 25 12 8 22 9 8
S64 32 21 11 10 19 9 8
r 64 128 25 12 8 22 9 8
64 512 30 12 8 25 8 6
e 128 24 32 12 30 29 16
16 128 63 54 30 76 63 46
64 128 182 111 76 211 128 108
64 32 113 72 52 122 83 72
4 64 128 182 111 76 211 128 108
64 512 314 195 104 347 211 142
Table 4.7: Number of local linear solves both isotropic and anisotropic
meshes for scalar boundary layer problem with L = 10-4
Chapter 5
Inexact BDDC
The majority of the cost of the BDDC preconditioner comes from solving local Dirichlet
problems corresponding to A11  in the harmonic extension operators, and solving local
constrained Neumann problems corresponding to A 'to invert the partially assembled
finite element problem. For practical problems computing and storing exact factorizations
for the solution of these problems may be prohibitively expensive. Thus, the action of
these solvers may be replaced with inexact solvers. Inexact BDDC algorithms have been
previously studied for continuous finite element discretizations of elliptic problems in [48, 72].
In [72] h-multigrid V-cycles are used to replace the action of the local solvers, while in [48]
approximate local solvers are developed using both an inexact factorization, and an algebraic
multigrid solver. In [124] the action of the local solvers are replaced with a dual-threshold
incomplete factorization (ILUT) and a p = 1 coarse grid correction for the solution of the
advection-diffusion equations.
This chapter develops an inexact variant of the BDDC preconditioner presented in Chap-
ter 4 based on an incomplete factorization combined with a p-multigrid type coarse grid cor-
rection. Thus, the local solvers presented here most closely match those presented in [124]. A
key difference between the work of [124] and that presented here involves the implementation
of the BDDC algorithm which is discussed in Section 5.1. Section 5.2 presents inexact local
solvers using block ILU(O) and ILUT factorizations. Section 5.3 presents the coarse grid
correction. Finally, Section 5.4 presents numerical results using the inexact preconditioner.
5.1 A Note on the BDDC Implementation
In [124] the BDDC algorithm is implemented using a change of basis where the degrees
of freedom spanning Ar are reparameterized such that all primal and dual variables are
explicitly specified [68]. In this implementation the local degrees of freedom may be written
as A(')= ,) A(]) with local system matrices:
A(' A(' A(-')AHI IA Ifl A(') A('
A(') - (') A(') A(' ] rfl ]51A AA A = A( A) (5.1)
A(') A(') A(L nI nA rn_
The local constrained solves then simplify to an inversion of the blocks A(Q corresponding
to interior and dual degrees of freedom. While the local systems A(') may be singular, the
blocks Arr are guaranteed to be nonsingular as it is assumed that sufficient number of primal
degrees of freedom have been chosen such that the constrained Neumann problems are well
defined. The advantage of this approach is that saddle point problems of the form (4.30) do
not need to solved. In particular, when exact solvers are used, the change of basis approach
ensures that zero pivots will not be encountered during the factorization, allowing the use
of standard Cholesky factorization for symmetric problems [68].
Unfortunately, the change of basis to make explicit the dual and primal degrees of freedom
destroys some of the nice properties of the local system matrices. In particular, for elliptic
problems, discretized using standard nodal basis functions, A(')'s are (possibly singular) M-
matrices. On the other hand when a change of basis is performed as described in [68], neither
the systems (5.1), nor the blocks Arr are M-matrices. While ILU and common smoothers
such as Jacobi or Gauss-Seidel are well defined for M-matrices [91], these iterative methods
may perform poorly or break down for other type of matrices (even if they are symmetric
positive definite). In particular, numerical experiments, not presented here, show very poor
performance when using an ILU factorization to solve the local system A$(Q. Interestingly,
allowing additional fill-in does not necessarily improve the performance of the ILU solver,
and in some cases leads to a degradation in performance.
In order to be able to use common iterative methods such as ILU, Jacobi, or Gauss-Seidel
as smoothers, the inexact local solvers presented in the following sections are based on an
implementation of the BDDC algorithm with the original variables and using constraints.
5.2 BDDC using Incomplete Factorizations
Incomplete factorizations have been extensively used as preconditioners to solve discretiza-
tions of the Euler and Navier-Stokes equations [3, 10, 20, 34, 46, 59, 69, 81, 95, 103, 105, 122].
ILU factorizations with an appropriate ordering have proven successful for convection-
dominated problems, where the inexact factorization is able to capture strong coupling
between elements in dominant directions in the flow. This work uses the dual-threshold
incomplete factorization ILUT(r,7r), with drop tolerance, T, and additional fill-in per row,
7r[110]. In particular, the block variant of the ILUT algorithm is used where the fill-in is
introduced block-wise [123]. In the limit 7r -* 00, T = 0 the ILUT factorization gives an exact
factorization, while for 7r = 0, no additional fill-in is introduced such that the factorization
reduces to ILU(0). In this case, the ILU(0) factorization may be performed in-place in order
to save both memory and computational time [46].
5.2.1 Inexact Harmonic Extensions
The application of the discrete harmonic extensions R and K* require computing the action
of -A A and -A( A respectively. In order to replace the action of these operators
with inexact solvers based on an incomplete factorization, consider first the exact block LU
factorization of the local stiffness matrices:
A(' A(' LU 0 UUi UUiII IF II II IF (5.2)
A(') A(') L () I 0 S)Fl iT ri rr
Here, L))U(? is the exact block LU factorization of A while L(') = A(z)U(')l U ( =
L -A( 9and S - A() - L('U . The action of -A( A on a vector v A may
II Ir r Fr FIUIF. *(i)I
be computed by backwards substitution:
U-A A0 v = -Uo II IF II 1FF [ (5.3)L 0 I *
Similarly the action of -A A() on a vector v EA may be computed by forwards
substitution:
L 0 VW L
-A A(' VW = -L( L( -v(' or L1 v (5.4)
L() I -IA('AII v( 0
Inexact harmonic extensions are developed by replacing the exact factorization in (5.2) with
an incomplete factorization. The inexact harmonic extensions are computed as in (5.3) and
(5.4). As fill-in is dropped in the computation of factors U1' and Lf, in general
-ZA A U_ = - A # - U ,(5.5)
-A( =()- -Ar([Uk I # -IL ( ) , (5.6)VI1 II VII I I II
where (-) correspond to the incomplete factorization.
5.2.2 Inexact Partially Assembled Solve
The creation of the primal basis functions and the partially assembled solve involves, on
each subdomain, inverting a system of the form:
-~) A(z) B(z)( z)=0 J (5.7)
B(') 0
Solving problems with the system (5.7) is complicated by the fact that A( is potentially
singular. Thus when an exact factorization of (5.7) is performed without reordering, a
zero pivot will be encountered and the factorization will fail. For continuous finite element
discretizations where subdomain corner degrees of freedom are included as primal variables,
simply removing the rows and columns corresponding to the corner degrees of freedom
ensures that the remaining block of A(W is non-singular [481. In this work, primal degrees
of freedom correspond only to averages on subdomain interfaces, thus such an approach is
not possible. A zero pivot may also be avoided by using a reordering where a small number
of row/columns from A(M are placed after the constraint equations such that the remaining
block of A(W is non-singular [68]. However, this approach relies on a good characterization
of the null-space of A(, which, while obvious for linear elasticity problems, is less clear for
Euler and Navier-Stokes systems.
In this work, inexact solvers for the partially assembled system are developed by replacing
the action of the exact solvers corresponding to (5.7) with inexact solvers of the form:
~ [MN B(Z T
M , (5.8)
B(') 0
where M(') is a nonsingular matrix. For now the procedure for obtaining M(') has yet to be
specified. However, since M() is nonsingular it admits an LU factorization M(') - IJ(U
After simple algebraic manipulation the inexact local primal basis functions may be written
as:
IB()& B )_B i) YI (5.9)
S L( )T(() T B B 0 I B . (5.10)
Similarly, the application of the inexact variant of (4.30) simplifies to
) 
- (Bi= I1L1B i*. (5.11)
At this point MW has yet to be specified. In the remainder of the section, an inexact
local solver is developed where M(') is obtained from an inexact factorization of A). As
AW is potentially singular, the exact factorization of A) may result in a zero pivot and the
inverse AW) 1 may not exist. Thus, initially it may seem inappropriate to use an inexact
factorization of A) to generate M(') as an exact factorization will result in the failure of
the algorithm.
However, in the following it is shown that as long as some fill-in is dropped during
the inexact factorization, the factorization will not fail due to a zero pivot. Additionally,
the product of the resulting factors M(i) = I00) is non-singular. The following lemmas
extend the analysis of incomplete factorization with zero fill, ILU(0), in [24] to incomplete
factorizations with arbitrary fill-in. This enables the proof of the desired result in Theorem
5.2.7.
Lemma 5.2.1. Let A = (aij) G Rnx" be an M-matrix with real entries. Let the elements
of B = (bik) satisfy the relations
aij : bi < 0 for i f j, and 0 < aii bij. (5.12)
Then
1. B is an M-matrix.
2. If B is a singular M-matrix, then A is a singular M-matrix.
3. If A is an irreducible M-matrix and if bij = 0 for some i = j where aij = 0 then B is
nonsingular
Proof. See [24] Lemma 1. l
The exact LU factorization algorithm may be given recursively as:
A0 = A,
Ck = Ak-i (5.13)
Ak = LkCk,
where k > 0, and Lk is equal to the identity matrix except for the kth column which written
row-wise is as follows:
0 0 ... 1 -c k /ck-I ...-- c k-1 ] when c k- 1 # 0,
otherwise Lk is the identity matrix. This gives the factorization A = LU where L =
(Li)- (L2)-1 ... (Ln-) 1 (L")-' and U = A". The exact LU factorization algorithm fails
for a singular matrix A, if ck = 0 and ck / 0 for t > k.
Let GA denote the graph of any matrix A = (aij), consisting of the set of ordered pairs
of integers (i, j), with i < n, j < n such that aij $ 0. Denote by PA = {(i, j) : aig = 0, i f j}
the graph of the off-diagonal zero entries of A. Let GM be the graph for the allowable fill
in the inexact factors L and U, while PM is the graph of the off-diagonal zero entries in
the inexact factors. The incomplete factorization algorithm is obtained from the inexact
factorization by replacing (5.13) with:
where
A0 = A,
Ck = Ak-1 + Rk,
Ak 
- LkCk,
k j-a if (ij) E PM,
0 otherwise.
(5.14)
(5.15)
(5.16)
Lemma 5.2.2. At any step in the incomplete factorization algorithm, let Ak-i be an M-
matrix, then Ck is also an M-matrix.
Proof. From (5.14):
k
cig =
0 if (i, j) E Pu,
ak-1
(5.17)
otherwise.
Hence
ak-1 c < 0ai, < k. O for i # j, and 0 < ak-- = ck.
Thus, from condition 1 of Lemma 5.2.1, 0 k is an M-matrix.
Corollary 5.2.3. Let Ak-1 be an irreducible singular M-matrix.
(5.18)
If Rk # 0 then Ck is
nonsingular.
Proof. Given (i,j) E Pm such that rk # 0 then by definition a $ , 0, r = -ak-1 and
c = 0. Thus, from condition 2 of Lemma 5.2.1, Ck is a nonsingular M-matrix. O
Lemma 5.2.4. Let Ck be an M-matrix. If the incomplete algorithm does not fail at (5.15)
on step k, then Ak is an M-matrix.
Proof. The proof follows directly from Theorem 2.1 of [91].
Lemma 5.2.5. Let A be an M-matrix. If ak-I = 0 at step k of the incomplete factorization
algorithm then A is a singular M-matrix.
Proof. Since the incomplete factorization algorithm does not fail through steps 1, ... , k - 1,
Ak-i and Ck are M-matrices by Lemmas and . Without loss of generality, assume k = 1.
For i, j > k, the Gaussian elimination step (5.2.2) gives:
aj =c - c!lci /cii, c'i : 0. (5.19)
Since ci 0 for t $ q, a1 . < cl.. Since C' is an M-matrix all of its principle minors are
non-negative, thus cichi - clici; > 0. Hence
a= c j - ci/ci ;> 0. (5.20)
Thus, by condition 2 of Lemma 5.2.1 Ak-1 is singular. The case for cii = 0 is trivially
satisfied since L' is then the identity matrix. Backtracking to A - A0 proves A is a singular
M-matrix. l
Lemma 5.2.6. Let A be an M-matrix, while for any set of indices, s, A[s] denotes the block
of a corresponding to the rows and columns s. Denote by (k) the indices 1, ... , k, and let
s = (SI,... ,s) be any subset of (n) for which A[s] is singular and irreducible. If
(t, p) E PM Vt > sk and Vp E s, (5.21)
then the incomplete factorization algorithm does not fail at any step.
Proof. The proof of Lemma 5.2.6 closely follows the proof of Theorem 4 in [24]. Assume
that (5.15) fails at step k. Then ck = 0 and ck $ 0 for some r > k. However, since the
algorithm did work through k - 1 steps, Ak-i [(k)] exists and has the form:
Ak-l[(k)] = Akl[k - 1)] (5.22)
0 ak-
Since a k 1 = ck = 0, Ak[(k)] - Ak-l[(k)] are singular M-matrices.
Set 1 < si s2 ... < sj = k to be the largest subset of (k) for which A[s] is irreducible.
Since sj = k and ak--1  0, then Ak-l[s] is singular, and by Lemma 5.2.1 A[s] is singular.
Now since Crk # 0, (r, k) V Pm which contradicts (5.21). LI
Theorem 5.2.7. Let A be an irreducible n x n M matrix. Let PM satisfy the condition
(5.21). Then M = LU produced by the incomplete factorization algorithm is nonsingular
provided R = EN 1 Rk 4 0.
Proof. Since PM satisfies the condition (5.21), Lemma 5.2.6 ensures that the incomplete
factorization algorithm will not fail. By construction L is nonsingular, it remains to show
that U is nonsingular. Since R $ 0, there exists k, for which Rk , 0. By Corollary 5.2.3 Ck
is a non-singular M-matrix. Then Ak, ... , An must be non-singular otherwise Lemma 5.2.2
is contradicted. Thus U = A" is non-singular. l
Theorem 5.2.7 ensures that an inexact solver of the form (5.8) may be constructed
through an incomplete factorization algorithm, provided the incomplete factorization al-
gorithm is not exact. Since PM may be chosen in such a manner that GA n PM 5 0,
Theorem 5.2.7 applies equally to Jacobi and Gauss-Seidel local solvers, as these are specific
instances of an inexact factorization.
5.2.3 One or Two matrix method
Both the inexact harmonic extensions and inexact constrained Neumann solves require an
inexact factorization of all or part of the block matrices A('). In this work two strategies
are considered: a one-matrix and a two-matrix method. In the one-matrix method, the
same inexact factorization is used for both the inexact harmonic extensions and the inexact
constrained Neumann solve. In the two-matrix method, different factorizations are used for
the harmonic extensions and constrained Neumann solves, requiring the computation and
storage of two separate systems. The motivation behind considering the two matrix approach
is that the performance of the incomplete factorization algorithm is strongly dependent
on the ordering of the unknowns [17, 20, 45]. The ordering of unknowns is particularly
important in the case of convection-dominated flows where ordering degrees of freedom
along characteristic directions may significantly improve performance [45]. This work uses a
reordering based on the block minimum discarded fill (MDF) algorithm presented in [103].
The MDF method orders the unknowns by choosing in a greedy manner the block which
produces the least discarded fill-in. In the one-matrix approach, the MDF algorithm must
be modified to ensure that the interior degrees of freedom are ordered before the interface
degrees of freedom, potentially resulting in an ordering which has large discarded fill. On
the other hand, the two-matrix approach allows for different orderings to be used for the
harmonic extensions and the constrained Neumann solves, potentially improving the quality
of the incomplete factorization.
5.3 Inexact BDDC with p-multigrid correction
While incomplete factorizations have been widely used for convection-dominated problems,
incomplete factorizations do not control the low frequency error modes present in elliptic
problems [91]. Multigrid methods, on the other hand, provide an efficient means of con-
trolling low frequency error modes which extend throughout the domain. Multigrid meth-
ods have also been widely used for the solution of the Euler and Navier-Stokes equations
[3, 46, 57, 81, 85, 88, 103]. This work uses a two-level method with a p-multigrid type coarse
correction similar to that presented in [103]. The coarse space is obtained by projecting the
higher-order solution to p = 0 or p = 1 and solving the coarse problem exactly.
5.3.1 Inexact Harmonic Extensions
As noted in the previous section the harmonic extensions involve the application of A(') A(')
and A( A . The inexact application of the harmonic extensions using the coarse grid
correction are given by:
A 1 A1 0 0 ± + )A P(i) A - 0 (5.23)
A() A ~A I 0 P (A) + ( I - A(') () A) P . 4)
where P1 : A(Z),P 0 or 1 -+ A() projects the coarse interior degrees of freedom from p = 0 or
p = 1 to the higher-order solutions, while A(') is given by the Galerkin projection:
A(') P A P P. (5.25)
As in the case when using only the ILU factorization, the application of the harmonic
extensions involves either a backwards substitution or a forward substitution with the inexact
factorization.
5.3.2 Inexact Partially Assembled Solve
The inexact partially assembled solve requires the computation of constrained Neumann
problems of the form (4.30). The inexact solver with coarse grid correction for the con-
strained Neumann problem may be written as:
1(0-1 ~ 0( 
-i + - 0,) (5.26)
where
PW 1 PW0 adT (i)T A(Z)P(Z)
p(i) P- 0 and A = )T )p(i) -A(P)
0o Ir (BC
B () T p(i)7'
0 I , (5.27)
and P(i) : A(')'P=0 or 1 -+ A( projects all coarse interior of freedom on Q from p = 0 or p = 1
to the higher-order solutions. Since the coarse grid correction exactly satisfies the constraint
equation, the expression for the inexact constrained solves may be simplified, such that the
inexact primal basis functions are given by:
00'
~~ P - (i)T A (i) , @
o 0
0 m0
0 m0
P()T A()P()
P(')B(')
[
(5.28)
(5.29)
(5.30)
(5.31)
0
0
I(i)r
where
Similarly,
0)-1 1 p 
_) POF- i)ATP) PG ,T (5.32)
where l) is defined by
P iTAP iT(i) T 1 ()l' 1WL A0 0 (5.33)
PW)B ) 0 *0
The approach for the inexact partially assembled solve presented in this section resembles
most closely the approach taken in [48]. This approach differs from that taken in [72] or [124]
where the multigrid scheme acts on the global partially assembled system. In particular,
the two-level inexact BDDC method of Yano and Darmofal [124] requires two primal system
solves corresponding to the inexact solve and the coarse grid solve. In the following section,
numerical results are presented which show that both methods perform similarly in terms
of number of iterations, however, the approach described here requires communication and
computation of only a single primal solve for each application of the preconditioner.
5.4 Numerical Results
In this section, the performance of the inexact BDDC preconditioners is assessed for two 3D
model problems. The first model problem is the 3D extension of the 2D Poisson problem
(3.10) to the unit cube Q = [0, 1]3 E R3. Similarly, the second model problem is the extension
of the 2D scalar advection-diffusion boundary layer problem (3.12) to the unit cube. The
3D model problems are solved on a set of unstructured tetrahedral meshes generated using
TetGen [112]. The domain is partitioned into N subdomains of approximately n element
using ParMetis [65]. The performance of different inexact solvers are assessed in term of the
number of iterations required to converge the 12 norm of the residual by a factor of 106. The
simulations were performed on a Dell PowerEdge 1950 Linux cluster with 680 nodes, each
with two Quad Core Intel Xeon 2.33GHz 64-bit processors and 8 GB of memory, connected
with 10 Gb/sec Infiniband.
5.4.1 Inexact BDDC using Incomplete Factorizations
3D Poisson Problem
In the first set of numerical experiments the 3D Poisson problem is solved using the BDDC
preconditioner with inexact solvers based on the block ILUT factorization. Table 5.1 gives
the number of iterations varying N and n for both the one-matrix and two-matrix methods.
A drop tolerance of 10-6 is used, while the allowable fill-in is varied from 0 -+ 00. A fill-in
of 0 implies the ILU(0) algorithm is used, while fill-in oo implies the exact BDDC algorithm
is used.
(a) One-matrix Method
p=2 p=5
N n 0 2 5 10 20 50 oo 0 2 5 10 20 50 o
4 400 39 29 24 20 18 15 14 57 43 32 27 22 19 19
16 400 62 47 41 35 28 22 22 95 61 55 45 36 28 24
64 400 114 102 65 52 39 28 22 172 121 89 69 52 37 29
256 400 198 148 105 81 59 37 25 316 266 147 111 79 49 33
1024 400 314 356 165 124 88 49 27 501 486 232 172 118 76 37
64 100 63 38 28 23 20 19 19 119 87 58 45 34 26 26
64 200 87 56 41 31 24 22 22 150 110 79 61 45 30 30
64 400 114 102 65 52 39 28 22 172 121 89 69 52 37 29
64 800 137 95 73 58 43 29 25 218 279 114 90 68 38 33
64 1600 172 117 92 72 55 35 24 244 339 134 107 87 * *
(b) Two-matrix Method
p= 2  p= 5
N n 0 2 5 10 20 50 oo 0 2 5 10 20 50 oo
4 400 42 28 23 19 16 15 14 62 38 29 24 20 19 19
16 400 63 43 34 28 23 19 22 97 58 45 36 29 25 24
64 400 102 67 51 39 29 22 22 157 93 71 54 39 30 29
256 400 171 109 81 60 39 26 25 268 151 109 78 52 35 33
1024 400 273 171 124 88 55 29 27 435 242 178 124 73 39 37
64 100 63 38 28 23 20 19 19 100 55 40 31 27 26 26
64 200 87 56 41 31 24 22 22 135 78 57 42 33 30 30
64 400 102 67 51 39 29 22 22 157 93 71 54 39 30 29
64 800 137 95 73 58 43 29 25 210 130 99 76 56 38 33
64 1600 172 117 92 72 55 35 24 266 158 120 94 * * *
Table 5.1: Number of GMRES iterations for 3D Poisson problem using ILUT(r,7r) inexact
solver, withr = 10-6 and varying r
For fixed n = 400 with small allowable fill-in, 7r =0, 2 or 5, the inexact BDDC precon-
ditioner performs poorly relative the exact BDDC method. The inexact BDDC algorithm
is not scalable as the number of iterations grows with increasing number of subdomains.
However, as the fill-in is allowed to increase, the performance of the inexact BDDC method
approaches that for the exact BDDC method.
Unfortunately, the fill-in required in order to maintain the good performance of the
exact BDDC preconditioner is dependent upon the number of elements per subdomain. For
N = 64 and n = 100 a fill-in of ir = 10 is sufficient to maintain the good performance of the
exact BDDC algorithm. However, for fixed N = 64 and increasing number of elements per
subdomain, increasing amount of fill-in is required in order to maintain good performance.
In particular, for 1600 elements per subdomain, a fill-in of 50 is insufficient to maintain the
good performance of the exact BDDC algorithm.
A key advantage of using an inexact solver is the reduced storage required for the fac-
torization. For p = 5 and n = 1600 both the exact BDDC and the inexact BDDC with large
fill-in fail as the memory required exceed the 1Gb/core of available memory. The failure of
the BDDC algorithm due to insufficient memory is reported as * in Table 5.1. Using the
two-matrix method the inexact BDDC algorithm fails for 7r > 10 while using the one-matrix
method, a fill-in of up to 7r = 20 may be used without running out of memory. Com-
paring Tables 5.0(a) and 5.0(b) there is relatively little advantage of using the two matrix
factorization approach over the single matrix approach. Thus, for this test case, using the
one-matrix approach with larger fill-in is a more efficient approach than using the two-matrix
factorization approach.
3D Advection-Diffusion Boundary Layer Problem
In the second numerical experiment, the 3D advection-diffusion boundary layer problem is
solved on the isotropic unstructured meshes with varying p. Tables 5.2 and 5.3 report the
corresponding number of iteration for y = 1 and p = 10-4 respectively. In the diffusion-
dominated case, (p = 1) the behaviour is similar to that for the 3D Poisson problem.
Namely, the performance of the inexact preconditioner improves with increasing allowable
fill-in. However, increasing fill-in is required with increasing size of the subdomains. The
advantage of the two-matrix method over the one-matrix approach is again relatively small,
such that using the one matrix approach with more fill-in is a more efficient approach than
(a) One-matrix Method
p= 2  p==5
N n 0 2 5 10 20 50 oo 0 2 5 10 20 50 o
4 400 35 27 22 18 15 12 12 49 37 27 22 18 15 14
16 400 56 43 36 30 24 17 15 81 53 46 37 29 21 18
64 400 107 93 58 45 34 23 17 154 105 75 57 42 29 22
256 400 182 135 96 72 51 30 19 276 230 125 94 52 33 24
1024 400 292 304 148 110 76 41 20 402 214 168 117 59 38 26
64 100 72 56 37 28 21 16 16 105 75 49 37 27 21 20
64 200 92 68 49 37 27 20 17 134 91 65 48 36 25 23
64 400 107 93 58 45 34 23 17 154 105 75 57 42 29 22
64 800 135 117 74 59 45 31 19 192 154 96 75 56 38 25
64 1600 153 130 91 72 54 35 18 215 161 114 90 65 * *
(b) Two-matrix Method
p= 2 p=5
N n 0 2 5 10 20 50 o 0 2 5 10 20 50 oo
4 400 37 25 19 16 14 12 12 53 32 24 20 16 15 14
16 400 58 39 30 24 19 15 15 83 49 38 29 23 18 18
64 400 94 61 45 34 24 17 17 138 79 58 42 30 22 22
256 400 157 97 70 50 32 20 19 231 127 91 63 38 24 24
1024 400 246 149 105 73 42 21 20 373 198 138 94 54 27 26
64 100 57 34 24 18 16 16 16 85 45 32 24 21 20 20
64 200 74 47 34 25 19 17 17 109 62 44 33 25 23 23
64 400 94 61 45 34 24 17 17 138 79 58 42 30 22 22
64 800 124 82 62 48 35 23 19 183 106 80 60 43 28 25
64 1600 156 104 80 62 45 28 18 224 132 100 76 * * *
Table 5.2: Number of GMRES iterations for 3D advection-diffusion boundary layer problem
with t = 1 on isotropic unstructured mesh using ILUT(r,7r) inexact solver, with T - 10-6
and varying r
using the two-matrix method.
(a) One-matrix Method
p= 2 p=5
N n 0 2 5 10 20 50 oo 0 2 5 10 20 50 oc
4 400 16 10 8 8 8 8 8 15 9 7 7 7 7 7
16 400 20 11 10 10 9 9 9 18 11 9 9 9 9 9
64 400 22 13 11 10 10 10 10 21 12 10 9 9 9 9
256 400 30 17 14 14 13 13 13 31 18 15 15 14 13 13
1024 400 42 23 19 18 17 17 17 44 24 20 19 19 18 18
64 100 19 12 11 10 10 10 10 18 11 10 10 10 10 10
64 200 20 12 11 10 10 10 10 19 12 10 9 9 9 9
64 400 22 13 11 10 10 10 10 21 12 10 9 9 9 9
64 800 25 15 12 11 11 11 11 24 14 12 11 10 10 10
64 1600 27 16 13 12 12 12 12 26 16 13 12 12 * *
(b) Two-matrix Method
p= 2 p=5
N n 0 2 5 10 20 50 oo 0 2 5 10 20 50 oo
4 400 8 8 8 8 8 8 8 7 7 7 7 7 7 7
16 400 10 10 10 9 9 9 9 9 9 9 9 9 9 9
64 400 11 11 10 10 10 10 10 11 10 10 10 9 9 9
256 400 15 13 13 13 13 13 13 15 14 13 13 13 13 13
1024 400 19 18 17 17 17 17 17 23 19 19 19 19 18 18
64 100 11 10 10 10 10 10 10 10 10 10 10 10 10 10
64 200 10 10 10 10 10 10 10 10 9 9 9 9 9 9
64 400 11 11 10 10 10 10 10 11 10 10 10 9 9 9
64 800 12 11 11 11 11 11 11 11 11 10 10 10 10 10
64 1600 13 12 12 12 12 12 12 13 12 12 12 * * *
Table 5.3: Number of GMRES iterations for 3D advection-diffusion boundary layer problem
with y = 10-4 on isotropic unstructured mesh using ILUT(T,7r) inexact solver, with T = 10-6
and varying 7r
In the convection-dominated case, (_ = 10-4), the number of iterations required to
converge the BDDC algorithm is approximately half of the number of subdomains through
which the characteristics pass. The incomplete factorization with MDF reordering is able to
capture the strong coupling along characteristics. Thus much less fill-in is required compared
to the diffusion dominated case in order to maintain the good performance of the exact
BDDC algorithm. The ordering of the degrees of freedom in the ILUT factorization is
much more important than for the diffusion-dominated case. Thus, the two matrix method
performs much better than the one-matrix method. In particular, the iteration count for
the two-matrix method with zero fill is within 1 or 2 iterations of the exact BDDC method.
Additionally, the fill-in required to maintain good performance using the two-matrix method
does not appear to grow with increasing n or N. On the other hand, significantly more fill-in
is required to maintain good performance using the one-matrix method. Additionally, the
amount of fill-in required increases with both N and n. Thus, for this convection-dominated
case, it is more efficient to use the two-matrix approach, than using the one-matrix approach
with additional fill-in.
5.4.2 Inexact BDDC with p-multigrid correction
3D Poisson Problem
In the third numerical experiment the 3D Poisson problem is solved using the inexact BDDC
algorithm with coarse grid correction. Table 5.4 gives the number of iterations using both
one- and two-matrix methods with p = 0 coarse grid correction. The use of the coarse grid
correction significantly improves the performance relative to only using the ILUT local solver.
As with the exact BDDC algorithm, the number of iterations required to converge the inexact
BDDC algorithm grows slowly with increasing subdomain size, n, for fixed N = 64. Similarly,
using either exact or inexact BDDC the number of iterations does not grow significantly as
the number of subdomains N increase for fixed n = 400. The number of iterations required
to converge using the inexact BDDC algorithm appears to be a constant multiple of the
number of iterations for the exact BDDC algorithm. In particular, using ILU(0) the number
of iterations using the inexact BDDC method is approximately twice that of using the exact
BDDC method, with the performance of the inexact BDDC algorithm improving as the
fill-in is allowed to increase. As was the case when using only the ILUT inexact solver, the
two-matrix method does not perform better than the one-matrix method, and in some cases
results in a larger number of iterations. Thus for this case the use of the two-matrix method
is not warranted.
Table 5.5 gives the number of iterations using both one- and two-matrix methods with
p = 1 coarse grid correction. The performance trends using the p = 1 correction is similar to
that using the p = 0 correction. Namely, the number of iterations grows slowly with N and n
with the number of iterations using the inexact BDDC appearing to be a constant multiple
of the number of iterations for the exact BDDC algorithm. For p = 2 the p = 1 coarse
(a) One-matrix Method
p=2 p=5
N n 0 2 5 00 0 2 5 00
4 400 22 21 19 14 36 30 26 19
16 400 30 27 25 22 46 37 36 24
64 400 37 35 30 22 65 53 44 29
256 400 45 41 35 25 79 67 51 33
1024 400 48 42 37 27 90 85 56 37
64 100 33 29 25 19 61 45 37 26
64 200 37 35 29 22 65 54 43 30
64 400 37 35 30 22 65 53 44 29
64 800 41 39 34 25 70 60 50 33
64 1600 41 46 36 24 70 61 52 *
(b) Two-matrix Method
p=2 p= 5
N n 0 2 5 o 0 2 5 oo
4 400 26 21 18 14 42 31 26 19
16 400 32 27 24 22 51 40 34 24
64 400 37 32 28 22 62 48 41 29
256 400 43 36 32 25 73 55 47 33
1024 400 46 39 35 27 81 60 51 37
100 64 32 25 22 19 55 39 32 26
200 64 37 30 27 22 62 46 39 30
400 64 37 32 28 22 62 48 41 29
800 64 42 37 34 25 69 55 48 33
1600 64 44 38 36 24 71 58 52 *
Table 5.4: Number of GMRES iterations for 3D Poisson problem using ILUT with p = 0
coarse grid correction, with T = 10-6 and varying 7r
(a) One-matrix Method
p=2 p=5
N n 0 2 5 00 0 2 5 oo
4 400 17 16 15 14 29 24 21 19
16 400 23 20 19 22 42 31 28 24
64 400 26 25 22 22 50 42 33 29
256 400 31 30 26 25 59 58 38 33
1024 400 33 31 28 27 65 54 42 37
64 100 24 22 20 19 47 37 30 26
64 200 27 25 23 22 51 42 34 30
64 400 26 25 22 22 50 42 33 29
64 800 30 28 26 25 55 46 37 33
64 1600 30 30 25 24 54 47 36 *
(b) Two-matrix Method
p= 2 p=5
N n 0 2 5 00 0 2 5 oo
4 400 17 15 15 14 28 23 20 19
16 400 22 20 19 22 37 29 26 24
64 400 25 23 22 22 43 35 32 29
256 400 29 26 26 25 52 40 36 33
1024 400 31 29 28 27 57 44 40 37
64 100 22 20 19 19 38 31 28 26
64 200 25 23 22 22 44 35 32 30
64 400 25 23 22 22 43 35 32 29
64 800 28 26 25 25 48 39 36 33
64 1600 28 26 25 24 51 39 35 *
Table 5.5: Number of GMRES iterations for 3D Poisson problem using ILUT(T,7r) with
p = 1 coarse grid correction, with T = 10-6 and varying 7
grid correction provides a very strong local solver, such that even using ILU(0) the number
of iterations required to converge using the inexact BDDC method is within 4 iterations
of the exact BDDC method. For p = 5, using the p = 1 coarse grid correction provides
some improvement over the p = 0 coarse grid correction, though this is less significant than
for p = 2. As with previous cases, there is a slight performance improvement using the
two-matrix method as opposed to the one-matrix method, however the performance gain is
not sufficient to warrant the additional memory required for the two-matrix method.
Table 5.6: Number of GMRES iterations for 3D Poisson problem using ILUT(r,7r) with
p = 1 coarse grid correction applied to global partially assembled problem, with r = 10-6
and varying 7
Table 5.6 gives the iteration count using the two-matrix method with the coarse grid
correction applied to the global problem as in [124]. Comparing with Table 5.5, both coarse
grid corrections schemes give similar iteration counts. Thus, the coarse grid correction
scheme presented in Section 5.3 is preferred as this scheme requires only a single global
primal solve for each application of the preconditioner.
3D Advection-Diffusion Boundary Layer Problem
In the next numerical experiment the performance of the inexact BDDC method with coarse
grid correction is assessed for the 3D scalar boundary layer problem. Tables 5.7 and 5.8
report, respectively, the number of iterations using the inexact BDDC with p = 0 and p = 1
coarse grid corrections with p = 1. For this diffusion-dominated case the behaviour of the
inexact BDDC is similar to that for the 3D Poisson problem. Namely, even using little or
p=-2 p=-5
N n 0 2 5 o 0 2 5 o
4 400 17 15 15 14 28 23 20 19
16 400 22 20 19 22 37 29 26 24
64 400 25 23 22 22 43 35 32 29
256 400 29 27 26 25 52 40 36 33
1024 400 31 29 28 27 56 44 40 37
64 100 22 20 19 19 38 30 28 26
64 200 25 23 22 22 44 35 32 30
64 400 25 23 22 22 43 35 32 29
64 800 28 26 25 25 48 39 35 33
64 1600 28 26 25 24 51 39 35 *
no additional fill-in, good performance of the inexact BDDC preconditioner is seen over a
large range of N and n. As with the 3D Poisson problem, the two-matrix approach is not
advocated as both one- and two-matrix approaches perform similarly.
(a) One-matrix Method
p= 2 p=5
N n 0 2 5 00 0 2 5 oo
4 400 16 15 14 12 24 22 19 14
16 400 22 20 18 15 31 26 24 18
64 400 26 27 21 17 41 38 29 22
256 400 29 29 24 19 46 37 33 24
1024 400 30 73 25 20 51 45 35 26
64 100 24 22 20 16 40 31 25 20
64 200 26 27 21 17 43 38 29 23
64 400 26 27 21 17 41 38 29 22
64 800 28 28 24 19 44 39 33 25
64 1600 27 33 23 18 43 39 32 *
(b) Two-matrix Method
p='2 p=5
N n 0 2 5 o 0 2 5 oo
4 400 19 16 14 12 29 21 18 14
16 400 23 20 18 15 35 27 23 18
64 400 26 22 20 17 41 31 27 22
256 400 29 25 22 19 46 35 29 24
1024 400 31 26 24 20 50 38 33 26
64 100 22 19 17 16 37 27 23 20
64 200 24 22 20 17 41 31 27 23
64 400 26 22 20 17 41 31 27 22
64 800 29 25 24 19 44 36 32 25
64 1600 29 25 23 18 44 36 32 *
Table 5.7: Number of GMRES iterations for 3D advection-diffusion boundary layer problem
with p = 1, using ILUT(r,7r) with p = 0 coarse grid correction, with T - 10-6 and varying
7r
Tables 5.9 and 5.10 give the number of iterations using the inexact BDDC with p = 0
and p = 1 coarse grid corrections respectively for the 3D advection-diffusion problem with
[ = 10-4. In this advection-dominated case the coarse grid correction does not provide
any additional benefit over the inexact BDDC using only ILUT. As with the ILUT pre-
conditioner without p-multigrid correction, the ordering of the degrees of freedom plays a
significant role in the performance of the algorithm, such that the two-matrix approach
(a) One-matrix Method
p= 2  p = 5
N n 0 2 5 o 0 2 5 o
4 400 13 12 12 12 20 17 15 14
16 400 17 15 15 15 29 22 19 18
64 400 19 19 17 17 32 30 24 22
256 400 22 23 19 19 37 32 26 24
1024 400 23 22 20 20 40 38 28 26
64 100 18 17 16 16 31 26 22 20
64 200 20 19 17 17 33 30 24 23
64 400 19 19 17 17 32 30 24 22
64 800 22 21 19 19 37 31 26 25
64 1600 21 24 18 18 33 28 24 *
(b) Two-matrix Method
p= 2 p=5
N n 0 2 5 00 0 2 5 00
4 400 13 12 12 12 20 16 15 14
16 400 16 15 15 15 26 20 19 18
64 400 19 17 17 17 30 24 22 22
256 400 21 19 19 19 33 27 25 24
1024 400 22 21 20 20 36 29 27 26
64 100 17 16 16 16 27 22 21 20
64 200 19 17 17 17 30 25 23 23
64 400 19 17 17 17 30 24 22 22
64 800 21 20 19 19 33 27 25 25
64 1600 20 18 18 18 31 26 23 *
Table 5.8: Number of GMRES iterations for 3D advection-diffusion boundary layer problem
with y = 1, using ILUT(T,7r) with p = 1 coarse grid correction, with r = 10-6 and varying
performs significantly better than the one-matrix approach.
(a) One-matrix Method
p= 2  p= 5
N n 0 2 5 oo 0 2 5 00
4 400 14 9 8 8 15 10 8 7
16 400 16 11 10 9 16 10 9 9
64 400 19 13 11 10 19 12 10 9
256 400 25 16 14 13 25 17 14 13
1024 400 32 22 20 17 35 23 20 18
64 100 16 11 11 10 16 11 10 10
64 200 18 12 10 10 18 12 10 9
64 400 19 13 11 10 19 12 10 9
64 800 21 14 12 11 22 13 11 10
64 1600 23 15 13 12 24 15 12 *
(b) Two-matrix Method
p= 2 p=5
N n 0 2 5 00 0 2 5 oo
4 400 8 8 8 8 8 7 7 7
16 400 10 10 9 9 9 9 9 9
64 400 11 10 10 10 11 10 10 9
256 400 14 13 13 13 15 14 13 13
1024 400 18 17 17 17 22 19 19 18
64 100 11 10 10 10 10 10 10 10
64 200 10 10 10 10 10 9 9 9
64 400 11 10 10 10 11 10 10 9
64 800 11 11 11 11 12 11 11 10
64 1600 13 12 12 12 13 12 12 *
Table 5.9: Number of GMRES iterations for 3D advection-diffusion boundary layer problem
with p = 10-4, using ILUT(T,7r) with p = 0 coarse grid correction, with r = 10-6 and
varying r
While iteration counts may provide an estimate of how well the inexact BDDC methods
perform relative the exact BDDC method, the most important metric for evaluating the
performance of the inexact solver is the CPU time taken. Figures 5-1 and 5-2 plot the CPU
time required to solve the 3D advection-diffusion boundary layer problem with p = 1 and
y = 10-4 for p = 5 and n = 400 using several different local solvers using the two-matrix
method.
For y = 1 the weak scalability of the exact BDDC method is reflected in the reported
CPU time as the simulation time does not grow significantly with the number of processes.
(a) One-matrix Method
p=2 p=5
N n 0 2 5 00 0 2 5 o
4 400 11 9 9 8 13 9 8 7
16 400 13 10 10 9 15 10 9 9
64 400 15 11 11 10 18 11 10 9
256 400 17 14 14 13 21 15 13 13
1024 400 20 18 17 17 27 20 19 18
64 100 13 11 11 10 15 10 10 10
64 200 14 11 10 10 16 11 9 9
64 400 15 11 11 10 18 11 10 9
64 800 16 12 11 11 20 12 11 10
64 1600 16 13 12 12 20 13 12 *
(b) Two-matrix Method
p= 2 p=5
N n 0 2 5 oo 0 2 5 o0
4 400 8 8 8 8 7 7 7 7
16 400 10 10 9 9 9 9 9 9
64 400 11 10 10 10 11 10 10 9
256 400 14 13 13 13 14 14 13 13
1024 400 17 17 17 17 19 18 18 18
64 100 10 10 10 10 10 10 10 10
64 200 10 10 10 10 10 9 9 9
64 400 11 10 10 10 11 10 10 9
64 800 11 11 11 11 11 10 10 10
64 1600 12 12 12 12 12 12 12 *
Table 5.10: Number of GMRES iterations for 3D advection-diffusion boundary layer problem
with p = 10-4, using ILUT(T,7r) with p = 1 coarse grid correction, with T = 10-6 and varying
7r
In particular, the CPU time for solving the problem on 1024 processor is only twice that
for solving a 256 times smaller problem on 4 processors. However, when the exact BDDC
algorithm is used, a significant portion of the run time is spent on the factorization and
GMRES solve. Using the inexact BDDC algorithm with ILU(0) the cost of the factorization
is significantly reduced. However, since this algorithm is not scalable, the cost of the GMRES
solve grows with increasing number of subdomains, such that for large numbers of processors,
the total CPU time using the inexact solver is greater than using the exact solver. However,
when a p = 0 or p = 1 coarse grid correction is used, the inexact BDDC algorithm remains
scalable, and the cost of both factorization and GMRES solve is lower than using the exact
BDDC algorithm. In this case the p = 1 coarse grid correction performs slightly better
than the p = 0 correction in terms of CPU time, as the increase in cost of the coarse grid
correction is offset by fewer GMRES iterations.
For y = 10-4 the coarse grid correction is not necessary to obtain good performance.
Thus the inexact BDDC using only ILU(0) performs similarly to the case when a p = 0 or
p = 1 coarse grid correction is applied. As with p = 1 the use of the inexact solver reduces
the cost of factorization and linear solve.
In the final numerical experiment, the performance of the inexact BDDC preconditioner
is assessed for the 3D advection-diffusion problem with p = 10-4 using an unstructured
anisotropic mesh. The anisotropic mesh is generated from the unstructured isotropic 3D
meshes used previously in this section, by using an exponential scaling of the y-coordinate
such that the aspect ratio of the elements on the lower surface are approximately vPe. Table
5.11 reports the number of iterations required to converge the 12 residual by a factor of 103
using the inexact BDDC algorithm with p = 1 coarse grid correction. For this anisotropic
unstructured mesh case, the performance of the BDDC algorithm degrades relative to the
isotropic case. Additionally, more fill-in is required in order for the inexact BDDC method
to maintain the performance of the exact BDDC preconditioner. In particular, for small
amount of fill-in the inexact BDDC algorithm is unable to converge in 500 GMRES iterations
( denoted by ** in Table 5.11). While diffusive effect are more important in this anisotropic
case, than in the isotropic case, the ordering of the degrees of freedom remains important,
such that the two-matrix method performs better than the one-matrix method.
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Figure 5-1: CPU time for 3D advection-diffusion boundary layer problem
with p = 1, and n = 400 on isotropic unstructured mesh
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Figure 5-2: CPU time for 3D advection-diffusion boundary layer problem
with p = 10-4, and n = 400 on isotropic unstructured mesh
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(a) One-matrix Method
p= 2 p= 5
N n 0 2 5 10 20 00 0 2 5 10 20 o
4 400 5 5 4 4 4 4 8 9 7 6 6 6
16 400 47 31 11 11 11 11 57 52 40 19 19 19
64 400 464 316 81 22 22 22 ** ** ** 51 39 39
256 400 ** ** ** 179 34 33 ** ** ** ** 80 64
64 100 39 57 13 13 14 14 114 98 66 23 22 22
64 200 180 202 35 16 15 15 460 305 171 30 29 29
64 400 464 316 81 22 22 22 ** ** ** 51 39 39
64 800 ** ** 124 23 22 22 ** ** ** 82 41 42
(b) Two-matrix Method
p= 2 p= 5
N n 0 2 5 10 20 oo 0 2 5 10 20 00
4 400 5 4 4 4 4 4 8 7 7 6 6 6
16 400 12 12 11 11 11 11 33 32 19 19 19 19
64 400 81 32 22 22 22 22 486 481 59 39 39 39
256 400 ** ** 275 33 33 33 ** ** ** 141 64 64
64 100 15 14 14 14 14 14 46 35 23 22 22 22
64 200 40 48 15 15 15 15 103 88 29 29 29 29
64 400 81 32 22 22 22 22 486 481 59 39 39 39
64 800 ** 227 24 22 22 22 ** ** 153 58 42 42
Table 5.11: Number of GMRES iterations for 3D advection-diffusion boundary layer problem
with t = 10-4, using ILUT(r,7r) with p = 1 coarse grid correction, with r = 10-6 and varying
7r
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Chapter 6
Euler and Navier-Stokes Systems
In this chapter the performance of the domain decomposition preconditioners are analyzed
for the Euler and Navier-Stokes equations. Section 6.1 presents the linearized Euler equations
and a change of variables used throughout this chapter. In Section 6.2, a one dimensional
analysis is performed in order to demonstrate the effects of boundary conditions on the
performance of domain decomposition preconditioners. Section 6.3 presents Fourier analysis
of the two-dimensional Euler equations in order to estimate the performance of the BDDC
preconditioner. In Section 6.4, an optimal Robin-Robin interface condition is derived for the
Euler system. Finally, Section 6.5 presents numerical results for several model problems.
6.1 Linearized Euler Equations
Consider the semi-discrete two-dimensional linearized Euler equations using primitive vari-
ables:
k+ AikUl,, 
- fA, (6.1)
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T
with state vectoru = [p v1 6v2 JP and
v 1  p 0 0 v 2  0 p 0
0 V1 0 0 0 v2 0 1
A1 = and A 2 = , (6.2)
o o v1  0 0 v 2  0
0 pc 2  0 V1  0 0 PC2 V2
where c = is the speed of sound. The flow is assumed to be subsonic, such that
0 < lvi < c. As opposed to working directly with primitive variables u, the linearized Euler
system (6.1) is written in terms of non-dimensional characteristic variables, W, with:
1 6P ov1
W1 ( 7 c
W2 = = +, (6.3)
1 (6P o60
W4 1 6v2
such that, non-dimensionalized by the speed of sound, (6.1) simplifies to
w ow -oaw
W + AW = f, (6.4)cat ax ay
with
Mx-1 0 0 0 My 0 0
0 M2+1 0 0 _ 0 My 0A = A2 = v2 , (6.5)
0 0 Mx 0 0 0 My 0
0 0 0 Mx 1 1 0 My
and f is the source in the transformed variables. The change of variables allows the en-
tropy equation (corresponding to w 3 ) to be decoupled from the other three state variables.
However, while the change of variables diagonalizes A1 , a similarity transformation cannot,
in general, simultaneously diagonalize both A1 and A 2 [108]. Thus, the remaining state
equations cannot be decoupled.
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6.2 1D Analysis
The performance of the domain decomposition preconditioners for coupled systems of equa-
tions is significantly more complicated than in the case of a scalar equation. In the scalar
case, a purely hyperbolic advection problem converges in a number of iterations equal to the
number of subdomains through which the characteristics pass [106]. In [106], it is shown
that in one dimension this property is preserved for coupled hyperbolic systems of equations
when characteristic boundary conditions are imposed on all subdomain boundaries. This
result is trivially obtained for the Euler system, as (6.4) simplifies to
c +A = (6.6)
cat ax
Thus, the three state equations decouple into three scalar advection equations, provided
coupling is not introduced through the boundary conditions. In this section, the analysis
is extended to the case where boundary conditions other than characteristics are imposed,
which leads to coupling between different state equations. A simple additive Schwarz al-
gorithm without overlap is considered to solve (6.1). However, it is shown in Appendix A
that, an iteration of the Robin-Robin algorithm applied to the Euler system is essentially
equivalent to two iterations of the Schwarz method. Thus, the trends observed in this section
apply equally to the Robin-Robin family of algorithms.
Consider a partitioning of the domain Q = [0, 1] into N subdomains Qj = [xi, xi+1] of
size Hi = 1/N. The additive Schwarz algorithm updates the solution W14 7 on subdomain i
at iteration k by iteratively solving on each subdomain:
At + A =f in Gi,
B(W) = B ( W)  1  at x = xi, (6.7)
Left kLef t k-1
B ght W = B ght W (+ 1) at x = xi+1-
where Bght and B(ef respectively enforce the outflow and inflow boundary conditions on
Gi. At domain boundaries x = 0 and x = XN+1, B W(0) and B(N)htW(N+1) denote the
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desired boundary quantities. Define
Beft=  BLeft,Up
BRght _ [ BRight,Up
BLeft,Down
BRight,Down
where subscripts Up and Down denote, respectively, upstream or downstream traveling
characteristic variables. The boundary conditions are well posed if BLeft,Down and BRight,up
are nonsingular. Additionally, an inflow boundary condition is said to be non-reflecting if
BLeft,Up = 0. Similarly, an outflow boundary conditions is non-reflecting if BRightDown = 0-
Table 6.1 lists the outflow and inflow boundary conditions considered.
(a) Outflow BCs
Outflow BCs Reflecting
Upstream acoustic no
Upstream Riemann invariant yes
Pressure yes
(b) Inflow BCs
Inflow BCs Reflecting
Downstream acoustic and entropy no
Entropy and downstream Riemann invariant no
Entropy and total enthalpy yes
Total pressure and total temperature yes
Table 6.1: Boundary Conditions
Due to the linearity of the hyperbolic system (6.7), it is possible to consider only the
error equation, and solve for the decay of the error e(i) = W() -- W(. The error function
on subdomain Qi has the form:
ed = a We -AX- (6.9)
where a) are coefficients for each mode, while A3 are eigenvalues:k~j
1
(Mx - 1)cAt
_ 1A2 = 1
(Mx + 1)cAt
1A3 = .
Mxcat'
The additive Schwarz algorithm, (6.7), may be written as an iteration for the error coefficients
104
(6.8)
(6.10)
ak = Tak-1. In particular the iteration matrix has the form:
(1) 0 (1)
k k-1
a(2)T(2 T(2a()
(6.11)
(N-1) T(N-1) 0 (N-1) (N-1)
k + k-1
a N) 0 T(N) 0 (N)
where T(_ and T( are determined by the interface conditions as:
T~) [B~ EWz 0i B(' [W B*F(') E(-'
~~Rght 1 - 1 - ~ B -1 -
T = B t [ Bigh T = BRight Right EfJ-t) (6.12)
B(' B()T B(' 0
and EM = diag ( e-AlH e-2Hi e-A3Hi ). The convergence rate of the additive Schwarz
methods is given by p(T), the spectral radius of T. If p(T) = 0 then Tk = 0 for some k < N,
and the additive Schwarz method converges in k iterations. As noted previously, using char-
acteristic boundary conditions (which corresponds to setting all B(M's to the identity matrix)
results in convergence in N iterations. However, often the values of the characteristic vari-
ables are not known at the far field boundaries, and other types of boundary conditions must
be imposed.
Convergence of the Schwarz algorithm cannot, in general, be guaranteed in N iterations
when different types of far field boundary conditions are used. Convergence in a finite number
of iterations requires that certain interface and boundary conditions are non-reflecting. In
particular, if both upstream and downstream far field boundary conditions are reflecting
then, (except in the special case where the reflected wave at one end of the domain does
not cause a reflection at the opposite end), convergence is not achieved in a finite number of
iterations. Table 6.2 summarizes the convergence of the Schwarz algorithm in term of the
types of boundary and interface conditions imposed.
Generally, non-reflecting interface conditions corresponding to characteristics are set on
subdomain interfaces. Table 6.3 summarizes the convergence of the Schwarz algorithm using
characteristic interface conditions for the different types of boundary conditions considered
in Table 6.1.
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Iterations Type of Boundary and Interface Conditions
N 1. All ICs & BCs are non-reflecting
2N - 3 2. Inflow IC & BC are non-reflecting and outflow IC & BC are the same
3. Outflow IC & BC are non-reflecting and inflow IC & BC are the same
2N - 1 4. Inflow IC & BC are non-reflecting
5. Outflow IC & BC are non-reflecting
3N - 4 6. Inflow IC & BC are the same, outflow IC is non-reflecting and
reflected wave at outflow boundary is not reflected by inflow IC/BC
3N - 2 7. All ICs are non-reflecting and reflected wave at outflow boundary
is not reflected by inflow BC
8. Inflow BC & outflow IC are non-reflecting and reflected wave
at outflow boundary is not reflected by inflow IC
oo Otherwise
Table 6.2: Number of iterations required for the Schwarz algorithm to con-
vergence using different interface and boundary conditions
Table 6.3: Number of iterations required for the Schwarz algorithm to con-
vergence using characteristic interface conditions and different
boundary conditions
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Outflow BC
Inflow BC Wi J- P
W2, W 3  N 2N-1 2N-1
S, J+ N 2N-1 2N-1
S, TO 2N - 1 3N - 2 oo
Po, TO 2N - 1 o oo
As noted previously, when the Schwarz algorithm does not converge in a finite number
of iterations, the convergence rate is given by the spectral radius of the iteration matrix T.
The convergence rate setting entropy, S, and total temperature, T, on the inflow and the
static pressure, P, on the outflow boundary is given by:
1 - M N1 2(N-2) 1 H
p (T) =eN-1 1-M X (6.13)
Note, for fixed domain size, H = . Thus, the convergence rate degrades exponentially
as the number subdomains, N, increases. The convergence rate for other combinations of
reflecting boundary conditions have similar forms.
The one-dimensional results presented in this section have an implication on the ex-
pected performance of domain decomposition methods in multiple dimensions. As perfectly
non-reflecting boundary conditions are not generally available in multiple dimensions, con-
vergence is not likely in a finite number of iterations. Additionally, degradation in the
convergence rate is to be expected as the number of subdomains increases.
6.3 2D Analysis
In this section Fourier analysis is used to estimate the convergence rate of the Robin-Robin
algorithm in the case of two strip domains of finite width. The theoretical convergence rate
is compared with the discrete case to validate the analysis performed.
Consider the two-dimensional semi-discrete linearized Euler equation with zero forcing
function:
MX - 1 0 0 0 My 0 0
W 0 Mx+1 0 0 aW 0 My 0 ' )W
++ 0.
cat 0 0 MX 0 09 0 0 My 0 0y
0 0 0 MX 1 0 M
(6.14)
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Performing a Fourier transform in the y-direction gives:
lv
cAt±
MX - 1
0
0
0
0
MX + 1
0
0
0
0
M
0
0
0 dW
0 dx
MX 
_
MY
0
0
0
MY
0
1
0
0
MY
0
1
-
-L
0
MY
j7~
(6.15)
where ( is the wave number. Simplifying, (6.15) gives a system of ODEs of the form:
dW
+ AW = 0.dx (6.16)
Consider a partition of the domain Q =
and Q2 = [0, H] x R. The Robin-Robin
state on the interface at x = 0, is given
Dirichlet Solve:
dWk
dxQi: { + AWVIA- Wfk
ni
Ani f zj
[-H, H] x R
algorithm to
by:
=0
= A- Wk
=0
into two subdomains Q1 = [-H, 0] x R
solve for W, the Fourier coefficients of
in Qj,
at x = 0,
at x = kH,
Robin Solve:
-, + AAik k
A-Vk
ni
A-k +hA + Zni#k
Update: Vk+1 _ vk + i + ( f).
=0
= A-Vikni
=0
=- 1|Al| (Tk + Tk - 2W k
- jj ~1 '2
in Qj,
at x = 0,
at x = k H,
at x = 0,
(6.17)
where w is an under-relaxation parameter. In the Robin solve, Z is a skew symmetric term
which may be added to the interface condition without modifying the energy stability of the
Robin-Robin algorithm. In the following section an optimal choice of Z is derived which
minimizes the convergence rate.
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As in Section 6.2, it is possible to derive an iteration matrix for the Fourier coefficients
of the error. In Appendix A the eigenvalues are computed analytically for the case of
two infinite domains. However, in general it is not possible to compute analytically the
eigenvalues of the iteration matrix, thus these must be computed numerically for different
non-dimensional wave numbers, : H and subdomain CFL number, CFLH := 9.
In order to assess the validity of the analysis in the discrete setting, a set of numerical
experiments are performed in an effort to mimic the conditions of the analysis. The domain
Q =[ -1, 1] x [0, 1] partitioned into two square subdomains with an interface at x = 0.
Each subdomain is discretized using a uniform structured mesh with 8192 triangular p = 5
elements. The boundary conditions are set such that the solution is periodic in the y-direction
with wave number (. The discrete convergence rate is determined from the decrease in the
12-norm of the residual over 10 Richardson iterations using the BDDC preconditioner. (As
the initial error is orthogonal to constant functions, the BDDC and Robin-Robin algorithms
are equivalent for this problem).
Initially, the convergence behaviour of the Robin-Robin algorithm is assessed for the case
where Z = 0. Figure 6-1 plots both analytic and discrete convergence rates as a function
of ( for CFLH = 1, 10 and 100. For small CFLH, the convergence rate is similar to that
obtained in the infinite subdomain case. This behaviour is expected as the far field boundary
conditions do not significantly effect the solution at the interface. On the other hand, for
CFLH = 10, or CFLH = 100, the boundary conditions have a significant effect on the solution
at the interface for low frequency modes and markedly different behaviour is observed for
( < 10. In the limit as ( -> oo the analytical convergence rate asymptotes to the same
value independent of CFLH. However, for large CFLH the convergence rate approaches the
asymptotic value at much lower wave numbers.
The discrete and analytical convergence rates match very well over a wide range of wave
numbers. As the wave number is increased, there is insufficient resolution for the discrete
solution to represent the high-frequency modes. In particular, high-frequency modes above
the Nyquist frequency of ~ 200, are aliased and the discrete convergence rate deviates from
the asymptotic value. Additionally, in the discrete setting it is impossible to ensure that the
initial error has components corresponding only to a single frequency. Thus, for Mr = j
the convergence rate for ( -* 00 is not zero but is limited by the convergence of the under-
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Figure 6-1: Convergence rate versus wave number, ( using basic Robin-
Robin algorithm
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resolved modes.
6.4 Optimized Robin Interface Condition
In this section the Fourier analysis presented in the previous section is used determine an
optimal value for the skew symmetric term Z as a function of M. and My.
Prior to setting up the optimization problem, a specific form for Z is chosen. As the
entropy equation decouples from the other three state equations, the interface term should
not introduce coupling between these states, thus the third row and column of Z should be
zero. Additionally, it is assumed that coupling should only be introduced between the two
acoustic modes, allowing Z to be specified by a single parameter z:
0 z 0 0
-z 0 0 0
Z =(6.18)
0 0 0 0
0 0 0 0
The convergence rate of the Robin-Robin algorithm is limited by the maximum conver-
gence rate over all wave numbers. For large CFLH, the convergence rate for ( > 7r essentially
takes on the asymptotic value corresponding to ( -+ oo. Additionally, it is assumed that the
primal correction in the BDDC algorithm is able to control the low frequency error modes.
Thus, initially, an optimal value zo,itj is determined which minimizes the asymptotic con-
vergence rate. As under-relaxation may be applied to the Robin-Robin algorithm zopt, 1, and
under-relaxation parameter, wopt,1 are formally defined as:
(zopt,1,wopt,1) = argmin lim p(T(()) . (6.19)
ZW [g-*oo
In practice the optimization problem (6.19) is solved numerically, and the formal limit
limgo is replaced by setting ( = 50.
Figure 6-2 plots the optimal values zopt,1 and wot,1 as a function of M and My, while
Figure 6-3 plots the corresponding optimal asymptotic convergence rate. Interestingly, the
optimal asymptotic convergence rate is zero for all 0 < M, < 1 with M, = 0. Moreover, the
optimal under relaxation parameter is wop,1 = 1. For finite M., even with under-relaxation,
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the optimal asymptotic convergence rate is finite, thus the Robin-Robin algorithm can not
converge in one iteration on the two-subdomain problem.
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Figure 6-2: Optimization of asymptotic wave number
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Figure 6-3: Minimum asymptotic convergence rate
Figure 6-4 plots both analytical and discrete convergence rate as a function of ( for
M, = 0.05 and M, = 0.0 for a range of z = [-0.4, -0.3]. The optimal analytic value is
zopt,1 = -0.32. The analytical results show that for z = -0.32 a convergence rate of zero
is achieved as ( -+ oo. Unfortunately, in the discrete case the convergence rate at higher
frequencies is dominated by the convergence rate of the under-resolved modes. Thus the
optimal asymptotic convergence rate is not achieved. In the discrete setting the optimal
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value of z appears to be approximately -0.36. It is interesting to note that for z < -0.36
the convergence rate of the under-resolved modes is better than the analytic asymptotic
convergence rate. While for z > -0.36 the convergence rate of the under-resolved modes is
generally worse than the asymptotic value.
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Figure 6-4: Convergence rate for different z, for M = 0.05, CFLH= 100
In order to assess the behaviour of the Robin-Robin algorithm in a more general problem,
a numerical experiment was performed on the two subdomain problem where the initial
solution error is a Gaussian. Figure 6-5 plots the convergence rate as a function of z. A
value of z = -0.34 gives best convergence rate, which matches well with the value of z which
minimizes the discrete asymptotic convergence rate in Figure 6-4. Thus simply minimizing
the asymptotic convergence rate may be sufficient to guarantee good performance of the
Robin-Robin algorithm.
As the convergence rate at any flow condition is actually dominated by the maximum
convergence rate over all frequencies, a second optimization problem is considered in which
the optimal zopt,2 and wort,2 are given by the solution of the following min-max problem:
(zopt,2, zopt,2) = arg mi' [max p(T(())] . (6.20)
In practice, is not possible to perform the maximization problem over all wave numbers,
and the optimization problem is performed over 20 discrete wave numbers in the range
(102, 102).
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Figure 6-5: Convergence rate for different z, for M = 0.05, CFLH = 100
Figure 6-6 plots the optimal values zpt,2 and Wort,2 as a function of M. and M.. Qualita-
tively, (Zpt,2, Wort,2) behave similarly to (zptI, wort,1) for Mx < 1. At higher Mach number,
the analytical convergence rate becomes limited by the convergence rate for very small wave
numbers ( < 10-1), resulting in a kink in the curves for Zpt,2 and Wopt,2. Figure 6-7 plots
the convergence rate using z = 0 and z = zpt. For z = 0 an optimal choice of the under-
relaxation parameter is determined by solving a similar max-min problem as (6.20). The
optimized interface conditions lead to significantly improved performance for M, < 1, while
the performance gains are less significant for larger Mach numbers. Particularly, unlike the
basic Robin interface condition, the convergence rate using the optimized interface condition
does not approach unity in the limit as M, -+ 0.
In practice, the BDDC algorithm is not applied as a Richardson iteration, but instead as
a preconditioner to GMRES. The performance of the optimized Robin interface condition
is assessed in the discrete setting by solving a simple linearized Euler model problem in the
domain Q = [0, 1]2 with homogeneous Dirichlet boundary conditions starting from a random
initial condition. The domain is partitioned into four vertical strips and solved with BDDC
preconditioned GMRES. An optimal value, zopt, is obtained by minimizing the 12 norm of the
residual after 10 GMRES iterations, averaging over four different initial random conditions.
Figure 6-8 plots the optimal value, ztpt as a function of M and My. The optimal z from
the contour plots shows the same qualitative behaviour as zopt1 and Zopt,2.
Figure 6-9 plots the corresponding reduction in the residual after 10 GMRES iterations
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Figure 6-7: Convergence rate using optimized interface conditions
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Figure 6-8: Discrete optimization of z
using z = 0 and the optimal z. For small Mz, using the optimized interface conditions result
in a significant improvement in the convergence rate. On the other hand, for larger M,
and My = 0.5, z does not significantly affect the convergence behaviour, which matches the
analytical behaviour observed in Figure 6-7.
In order to provide a better understanding of the optimized Robin-Robin interface con-
dition, the effect of the optimized interface condition is shown graphically. Figure 6-10(a)
plots W1 of the exact solution of an Euler problem in Q = [0, 1]2 with homogeneous bound-
ary conditions and a Gaussian source at (0.1,0.5). The domain is partitioned into 4 strips
and a single iteration of the BDDC algorithm is used starting from zero initial condition.
Figure 6-10(b) gives the solution after a single iteration using the basic Robin interface
condition (z = 0), while Figure 6-10(c) gives the corresponding solution after one iteration
with z = -0.40, which corresponds to the value of z which minimizes the residual after 10
GMRES iterations. Using the basic interface conditions, the solution is poorly represented
in the all but the left-most domain. However, using the optimized conditions, the BDDC
algorithm is able to propagate the disturbance two subdomains in a single iteration.
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Figure 6-9: Residual reduction for linearized Euler problem after 10 GMRES
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Figure 6-10: Solution after one application of the BDDC preconditioner
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(a) z = 0
6.5 Numerical Results
In this section numerical results are presented for two simple 2D model problems.
Linearized Euler Model Problem
In the first model problem, the steady linearized Euler equations are solved on the unit
domain Q = [0, 1]2 linearizing about a uniform flow with M = 0.2. A source function and
boundary conditions are specified such that the exact solution is given by:
sin(7rx) cos(7ry)
cos(7rx) sin(ry) (6.21)
e v'x
1-e V'X
The linearized Euler problem is solved on the set of isotropic structured meshes presented
in Chapter 3. The performance of the BDDC preconditioner with and without optimized
interface conditions is compared with the ASM and ASMA preconditioners developed in
Chapter 3. The relative performance of the different preconditioning algorithms is assessed
in terms of the number of local linear solves required to reduce the 12-norm of the residual
by a factor of 103. Figure 6-11 plots the number of local linear solves required to solve the
linearized Euler problem for p = 2 and p = 5 for fixed n = 512. Figure 6-12 plots the
corresponding number of linear solves for fixed N = 64. As with the convection-dominated
advection-diffusion problem, the number of iterations grows with the number of subdomains,
N. However, the number of linear solves appears to be bounded as the number of elements
per subdomain, n, increases. The ASMA preconditioner with coarse space performs some-
what better than the ASM preconditioner without coarse space. While the linearized Euler
equations are hyperbolic, the coarse space is believed to provide a benefit in controlling the
acoustic modes which exhibit an elliptic behaviour. The BDDC preconditioner with stan-
dard interface conditions performs poorly relative the ASMA preconditioner. However, using
the optimized interface conditions results in significantly improved performance, such that
the BDDC preconditioner with optimized interface conditions results in convergence in the
fewest number of local linear solves.
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Figure 6-11: Number of local linear solves for linearized Euler problem with
n = 512
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Figure 6-12: Number of local linear solves for linearized Euler problem with
N = 64
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In order to provide a better understanding of the convergence behaviour of the different
preconditioning algorithms, a second linearized Euler problem is solved with homogeneous
boundary conditions and a Gaussian forcing function near the inflow part of the domain.
The forcing function leads to a high-frequency perturbation in the solution which must be
convected downstream through the domain. Figure 6-13 shows the GMRES convergence
history for n = 512 and N = 16 and 64. As with the advection-dominated scalar problem,
the residual does not appear to converge until the high-frequency error modes have been
propagated out of the domain. However, unlike the scalar problem, the Euler system prop-
agates information in all directions due to the acoustic modes, as opposed to only along the
convective direction. Using the BDDC preconditioner with optimized interface conditions
or the ASM and ASMA preconditioners, the residual begins to drop off after 2VN local
linear solves. On the other hand using the standard BDDC algorithm the residual drops off
only after approximately 4VN local linear solves. While the residual begins to drop after a
finite number of iterations, the linearized Euler cannot converge in a finite number of itera-
tions. As predicted in Section 6.2 the convergence rate degrades with increasing number of
subdomains.
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Figure 6-13: GMRES convergence plot for linearized Euler problem with
p = 2 and n = 512
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Linearized Navier-Stokes Model Problem
In the second model problem, the steady linearized Navier-Stokes equations are solved on
the unit domain Q [0, 1]2 linearizing about a boundary layer flow with a Mach number
profile given by M 0.2(1 - e V) where Re is the Reynolds number. A source function
and boundary conditions are specified such that the exact solution is given by:
sin(7rx) cos(iry)
cos(7rx) sin(ry) (6.22)
e VRW
1- e "
The linearized Navier-Stokes problem is solved on a set of anisotropic structured meshes
with the aspect ratio of elements at the lower surface given by 1/v/IR.
Figures 6-14 - 6-16 plot the number of local linear solves required to reduce the 12 residual
by 103 for the linearized Navier-Stokes problem with Reynolds number Re = 106, 104 and
102, for fixed n = 512 with N ranging from 4 to 1024. For the high Reynolds number case,
Re = 106, the behaviour is similar to that with the linearized Euler problem. As the Reynolds
number is decreased, the viscous effects become more important and the performance of the
ASM preconditioner degrades relative to the ASMA and BDDC preconditioners which have
a coarse space. As the Reynolds number is decreased further, the performance of the BDDC
preconditioner degrades relative to the ASMA preconditioner.
Figure 6-17 shows the performance of the different preconditioners for fixed N = 64. In
the high Reynolds number case, Re = 106 the behaviour is again similar to the linearized
Euler problem. Namely, using any of the preconditioners the number of iterations does not
grow significantly as the number of elements per subdomain is increased. For Re - 102, the
number of linear solves required grows with increasing number of elements per subdomain.
However, the performance of the BDDC preconditioner again degrades with respect to the
ASMA preconditioner.
The degradation of the performance of the BDDC algorithm in the limit as the Reynolds
number goes to zero may be attributed to the fact that the viscosity matrix for the Navier-
Stokes system is not full rank. In the limit as the Reynolds number goes to zero, the local
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Neumann problems correspond to the bilinear form:
a(A, ) a (A, p)
- : - (-Kiklqjjnj + Skj(Ul - Al), Ak),&K (6.23)
Where, Kiykl is the viscosity matrix. The energy contribution of each element simplifies to:
a,(A,A) = (qk,Kgijkqji), +(Sk,(u,-Al),(Uk-Ak)or
> 0 (6.24)
In the case where Kijkl is full rank a,(A, A) = 0 implies qji = 0 and ul = Al is constant.
However, in the case where Kijkl is not full rank, a.(A, A) = 0 only implies that ul,,j is in
the null space of K. Hence, constraining only interface averages on subdomain boundaries
is not sufficient to ensure that the local constrained Neumann problems are well posed.
It is interesting to note that for p = 0 the null space of a,(A, A) corresponds only to
constant functions. Thus for p = 0 at very small Reynolds numbers the BDDC preconditioner
behaves in the same manner as the diffusion-dominated scalar problem. Figure 6-18 and 6-
19 plot the number of local linear solves required to converge the linearized Navier-Stokes
problem with Re for p = 0 and p = 1, varying N and n respectively. For p = 0 the
number of linear solves is bounded as the number of subdomains increases using either the
BDDC or ASMA preconditioners, which matches the behaviour observed in the diffusion-
dominated scalar case. Additionally, the number of linear solves grows only weakly when
increasing the number of elements per subdomain. Similar behaviour is observed with the
ASMA preconditioner for p > 1. This is in contrast to the performance of the BDDC
preconditioner which degrades relative the ASMA for p > 1. Note that for this test case, the
standard and optimized BDDC algorithms perform similarly, as the convergence behaviour
is dictated by the viscous effects.
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Figure 6-18: Number of local linear solves for linearized Navier-Stokes prob-
lem, Re = 0.01, n = 512
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Chapter 7
Application to Aerodynamics Flows
This chapter presents numerical results using domain decomposition methods for the solution
of several fundamental aerodynamic flows. In Section 7.1 the additive Schwarz and BDDC
preconditioners are used for the solution of the HDG discretization for inviscid and laminar
viscous flows. In Section 7.2 an additive Schwarz preconditioner with and without overlap
is presented for the solution of the DG discretization of inviscid as well as both laminar and
turbulent viscous flows.
7.1 HDG Results
This section presents weak scaling results for the HDG discretization of two dimensional
aerodynamic flows. For each of test problems presented in this section an initial coarse mesh
is generated through an adaptive process, while finer meshes are obtained by refining the
grid metric and completely remeshing using BAMG [63]. The non-linear solution procedure
is started from an initial flow interpolated from a p = 0 solution on the coarsest mesh.
Pseudo-transient continuation is performed starting from an initial global CFL number of
1, which is increase by a factor of 5 after each successful non-linear update. The non-linear
solution procedure continues until the non-linear residual has been reduced to below 10-10.
At each non-linear iteration, the linear system is solved to a relative tolerance of 10-4
using preconditioned GMRES with a restart value of 200. The inexact local solvers use
an ILU(0) factorization with MDF reordering and a p = 0 correction, with the BDDC
preconditioner using the two matrix approach. Numerical results are presented with both
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Figure 7-1: Grid and flow solution for inviscid flow over NACA0012, M. =
0.3, a = 5.00, p = 5
non-optimized (z = 0) and optimized (z = zopt) Robin-Robin interface conditions. For the
optimized BDDC preconditioner, the value of z is evaluated as a function of the normal and
tangential Mach numbers at each point on the interface, using a quartic polynomial fit of
the discrete optimal z derived in Chapter 6. The appropriate interface condition is then
obtained using a transformation from characteristic variables (in the direction normal to the
interface) to the conservative variables.
NACA0012, Inviscid flow, Mo, = 0.3, a = 5.0*
In the first test case, the inviscid flow over the NACA0012 airfoil is solved at a freestream
Mach number Moo = 0.3 and angle of attack a = 5.0'. Weak scaling results are presented
for p = 2 and p = 5 solutions from 4 to 512 processors. For p = 2 solutions each subdomain
has approximately 2000 elements, while for p = 5 each subdomain has approximately 500
elements. Thus, for either p = 2 or p = 5, the finest mesh problem has slightly more than
5 million degrees of freedom. Figure 7-1 gives a sample mesh with 1000 elements and plots
the Mach number for the p = 5 solution on this mesh.
Figures 7-2 and 7-3 presents the number of local linear solves and CPU time for p = 2
and p = 5 respectively. For p = 2, with small numbers of processors, the ASM, ASMA and
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Figure 7-2: Weak scaling results for inviscid flow over NACA0012, M. =
0.3, a = 5.00, p = 2, 2000 elements per subdomain
optimized BDDC preconditioner perform similarly in terms of the number of local linear
solves. However, the'ASMA and BDDC preconditioners are slightly more expensive in terms
of CPU time, thus the ASM preconditioner performs the best in terms of CPU time for less
than 128 subdomains. As the number of subdomains is increased, the coarse space becomes
more important. With more than 128 processors, the ASMA preconditioner reduces both the
number of local linear solves and the CPU time relative to the ASM preconditioner. At 512
processors, both ASMA and optimized BDDC preconditioners perform similarly in terms of
CPU time, with significant improvement over the ASM preconditioner. The standard BDDC
preconditioner without optimized interface conditions performs significantly worse than the
other three preconditioners, and in fact is unable to converge the p = 2 problem on more
than 64 processors.
For p = 5, using more than 8 processors, the ASMA and optimized BDDC precondition-
ers reduce the number of local linear solves required in order to converge the linear system
relative to the ASM preconditioner without a coarse space. However, for relatively small
number of processors the ASM preconditioner is superior to the ASMA and BDDC precon-
ditioners in terms of CPU time, as the preconditioners with coarse space have the additional
cost of setting up the coarse space problem in the factorization step. As the number of
subdomains increases, the ASMA and optimized BDDC preconditioners also perform bet-
ter than the ASM preconditioner in terms of CPU time, as the additional cost of forming
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Figure 7-3: Weak scaling results for inviscid flow over NACA0012, M. =
0.3, a = 5.00, p = 5, 500 elements per subdomain
the coarse space is offset by reduced CPU time in the GMRES solve. Figure 7-4 plots the
portion of the run time spent in the residual evaluation, factorization and GMRES parts of
the solution procedure for the p = 5 solutions. The ASMA and BDDC preconditioners have
significantly larger factorization times than the ASM preconditioner, as the factorization
times for the preconditioners with coarse spaces includes the local linear solves required to
form the coarse basis functions. Early in the non-linear solution procedure, when the CFL
number is small, the number of local linear solves required to form the coarse basis functions
may be greater than the number of local solves performed during the GMRES solve. How-
ever, as the CFL number increases, and the linear system becomes more difficult to solve,
the number of linear solves required to form the coarse space is much smaller than that used
in the GMRES solve.
For small numbers of processors, the larger overhead in the factorization procedure for the
ASMA and BDDC preconditioners results in longer CPU time than the ASM preconditioner.
However, as the number of subdomains increases, the coarse space becomes more important
and the increased cost in the factorization procedure is offset by a smaller number of linear
iterations. The ASMA and optimized BDDC preconditioner perform similarly, with the
BDDC preconditioner performing slightly better with larger number of processors.
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NACA0005, Moo = 0.2, a = 2.0', Rec = 5000
In the second test case, the viscous flow of over the NACA0005 airfoil is solved at a freestream
Mach number of Mo = 0.2, angle of attack a = 2.00 and Reynolds number Rec = 5000.
As in the previous test case, the local inexact solver is a block-ILU(0) factorization with a
p = 0 coarse grid correction. The two matrix approach is used for the BDDC preconditioner.
Figure 7-5 plots a mesh with approximately 1000 elements and the Mach number of the p = 5
solution.
Weak scaling results are presented for higher-order p = 2 and p = 5 solutions. For p = 2
solutions, each subdomain has approximately 1000 elements, while for p = 5, each subdomain
has approximately 250 elements, such that the finest mesh problem has slightly more than
2.5 million degrees of freedom. Figures 7-6 and 7-7 plot the number of local linear solves
and CPU time for p = 2 and p = 5, respectively. For this viscous test case, the ASMA and
optimized BDDC preconditioner reduce the number of local linear solves required to converge
relative to the ASM preconditioner without coarse space even at small numbers of processors.
However, for small numbers of processors, the ASM preconditioner performs the best in
terms of CPU time, as the additional cost of the setup time for the coarse space problem
is not offset by the reduced number of linear solves during GMRES. On the other hand,
as the number of subdomains increases, the coarse space becomes more important and the
ASMA and optimized BDDC preconditioners are superior for more than 128 subdomains. As
with the previous test case, the standard BDDC preconditioner without optimized interface
conditions performs poorly and is not competitive with the other methods.
131
4"
jfr~4 ~ ~-
4
%-
/ I
.1 -~
I II
(a) Mesh
Figure 7-5:
(b) Mach Number
Grid and flow solution for viscous flow over NACA0005, M, -
0.2, a = 2.0', Rec = 5000, p = 5
C4)) 10000
0
CI)
c 5S5000
-ASM
- ASMA
--- BDDC, z = 0
... BDDC, z = z
. .--
10 100 200 300 400 500 600
Number of Subdomains
(a) Local Linear Solves
100 200 300 400 500 600
Number of Subdomains
(b) CPU Time
Figure 7-6: Weak scaling results for viscous flow over NACA0005, M. =
0.2, a = 2.0', Rec = 5000, p = 2, 1000 elements per subdomain
132
( 10000 1000
75,
0 100 200 300 400 500 600 0 100 200 300 400 500 600Number of Subdomains Number of Subdomains
(a) Local Linear Solves (b) CPU Time
Figure 7-7: Weak scaling results for viscous flow over NACA0005, Moo =
0.2, a = 2.0*, Rec = 5000, p = 5, 250 elements per subdomain
For both inviscid and viscous test cases the p = 2 and p = 5 solutions require ap-
proximately the same CPU time. As higher-order methods have the potential of reducing
the number of degrees of freedom required to achieve a desired error tolerance, the use of
higher-order methods may significantly reduce the computational time relative to standard
second-order methods.
7.2 DG Results
In this section an additive Schwarz preconditioner without overlap and a restricted additive
Schwarz preconditioner with overlap are presented for the DG discretization. This section
provides only a brief review of the DG discretization; a complete description may be found
in the thesis of Oliver [99].
The DG discretization is obtained by multiplying the conservation law (2.1) by test
functions w E W' and integrating by parts. The weak form is: Find u E WP such that
h hW
Rh(U, W) = 0, Vw E W (7.1)
where
R&(U, w) = Rh,I(u, w) + Rh(U, w) + Rh,S(U, w), (7.2)
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and RhI(U, w), Rh,V(U, w) and Rh,S(U, w) denote respectively the inviscid, viscous and
source terms of the discretization. In this work the inviscid discretization uses the Roe
flux [107], while the viscous discretization uses the second method of Bassi and Rebay
[14, 15]. Source terms which are functions of the gradient of the state are evaluated us-
ing the asymptotically dual consistent formulation of Oliver [99]. The DG discretization is
solved using the same pseudo-transient continuation scheme as for the HDG discretization.
At each non-linear iteration a linear system of the form
Ax = b, (7.3)
is solved for the solution update, x = Au. The system A has a block structure with each
block row/column corresponding to degrees of freedom on a single element. Additionally,
the DG discretization maintains a nearest neighbor stencil, such that each element is coupled
only to those elements with which it shares a common face.
Consider a decomposition of the domain Q into N, non-overlapping subdomains Qj con-
sisting of the union of elements in T, such that each element r, is associated a single subdo-
main. Denote by R(') the restriction operator which extracts degrees of freedom on 0; from
those on all of Q. A non-overlapping additive Schwarz preconditioner for (7.3) is given by:
N
M -6 = R(i) T A-R(), (7.4)
i=1
where Ai - R(i)AR(i)T. The subscript BJ is used to denote this preconditioner as the non-
overlapping additive Schwarz preconditioner corresponds to a subdomain-wise block-Jacobi
preconditioner. The local solves involving the action of Ai- 1 correspond to the solution of a
Dirichlet problem in Ri with fixed solution on neighboring subdomains Qj. The application of
this preconditioner involves no communication as the local residuals and solves are performed
independently on each subdomain.
In order to define an overlapping preconditioner denote by Q the region obtained by
extending each subdomain Rj by a single element across each face on 8Qi. Denote by R(
the restriction operator which extracts degrees of freedom on Q' from those on all of Q. The
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standard overlapping additive Schwarz preconditioner may be written as:
N
M 1 =A-jRf) (7.5)
where Ai,6 = R(')AR () T . This preconditioner involves the solution of N independent Dirich-
let problems on the overlapping regions Q'. Note that each application of this preconditioner
involves two communication steps: first in the residual assembly step ( i.e the action of R())
and second in the solution update step ( the action of Rf' ). In this work a restricted
additive Schwarz preconditioner is used which allows communication only in the residual
assembly step. In order to define the restricted additive Schwarz preconditioner a third
restriction operator R0 is defined which extends R(') by zeros to the overlapping region Q'.
The restricted additive Schwarz preconditioner is given by:
N
M-1,= ZR ) A1R ). (7.6)
The action of this preconditioner corresponds to solving N Dirichlet problem on the overlap-
ping regions Q', while only updating the local part of the solution corresponding to elements
in Qj. The restricted additive Schwarz preconditioner has been shown to decrease both
the communication cost as well as the number of iterations required to converge relative to
the standard additive Schwarz preconditioner for a finite volume discretization of inviscid
compressible flows [33, 35].
The remainder of this section presents weak scaling results for the DG discretization of
two dimensional flows. The non-linear solution procedure used for these test cases is the
same as those for the results using the HDG discretization.
NACA0012, Inviscid flow, Moo = 0.3, a = 5.0'
In the first test case, the inviscid flow over the NACA0012 airfoil is solved at freestream
Mach number Moo = 0.3 and angle of attack oa = 5.00. Weak scaling results are presented
for higher-order p = 2 and p = 5 solutions from 4 to 512 processors. For p = 2 solutions
each subdomain has approximately 2000 elements, while for p = 5 each subdomain has
approximately 500 elements. Figures 7-8 and 7-9 presents the number of local linear solves
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Figure 7-8: Weak scaling results for inviscid flow over NACA0012, Mo =
0.3, a = 5.00, p = 2, 2000 elements per subdomain
and CPU time for p = 2 and p = 5 respectively.
For both p = 2 and p = 5 the restricted additive Schwarz preconditioner performs
significantly better than the subdomain-wise block-Jacobi preconditioner. Using more than
32 processors, the block-Jacobi preconditioner is unable to sufficiently solve the linear system
at each Newton iteration in order to converge the non-linear problem. On the other hand,
the restricted additive Schwarz preconditioner is able to converge the non-linear problem
with up to 512 processors. However, both the number of iterations and the CPU time grows
with increasing number of subdomains. Thus, a coarse space may be necessary when a larger
number of processors is used.
NACA0005, Moo = 0.2, a = 2.0', Rec = 5000
In the second test case, the viscous flow of over the NACA0005 airfoil is solved at a freestream
Mach number of Moo = 0.2, angle of attack a = 2.0' and Reynolds number Rec = 5000.
As in the previous test case, the local inexact solver is a block-ILU(0) factorization with a
p = 0 coarse grid correction.
Weak scaling results are presented for higher-order p = 2 and p = 5 solutions. For p = 2
solutions, each subdomain has approximately 1000 elements, while for p = 5, each subdo-
main has approximately 250 elements. Figures 7-10 and 7-11 plot the number of local linear
solves and CPU time for p = 2 and p = 5, respectively. Once again, the restricted additive
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Figure 7-9: Weak scaling results for inviscid flow over NACA0012, Mo =
0.3, a = 5.00, p = 5, 500 elements per subdomain
Schwarz preconditioner performs significantly better than the non-overlapping block-Jacobi
preconditioner. In particular the subdomain-wise block-Jacobi is unable to converge this
problem on more that 8 processors. As with the previous test case, the number of itera-
tions using the restricted additive Schwarz preconditioner grows with increasing number of
subdomains.
RAE2822, RANS-SA, Mo = 0.3, a = 2.310, Rec = 6.5 x 106
In the third test case, the subsonic turbulent flow is solved over the RAE2822 airfoil at a Mach
number Moo = 0.3, angle of attack a = 2.31' and Reynolds number Rec = 6.5 x 106. The flow
is solved using the Reynolds-Averaged Navier-Stokes equations with the Spalart-Allmaras
turbulence model in the fully turbulent mode [114, 115]. Details of the DG discretization of
the RANS-SA equations may be found in the thesis of Oliver [99]. Figure 7-12 plots a mesh
with 1000 elements and the corresponding eddy viscosity for the p = 2 solution.
The introduction of the turbulence model results in a system of equations which are
highly nonlinear. In order to ensure the convergence of the non-linear solution procedure,
the initial global CFL number is set to 10-2 and is allowed to increase by a factor of 2
each successful solution update. Additionally, a line-search is introduced to ensure that the
pseudo-unsteady residual decreases in each non-linear iteration [66].
Strong scaling results are presented in order to assess the performance of the additive
137
100 150 200 250
Number of Subdomains
(a) Local Linear Solves
Figure 7-10: Weak scaling
0.2, a = 2.0*,
-BJ
10000
5000
00 50 100 150 200 250 3C
Number of Subdomains
4500
4000
3500
3000
4) 2500E
|- 2000
1500
1000
500
06 50 100 150 200 250 3
Number of Subdomains
(b) CPU Time
results for viscous flow over NACA0005, MOO =
Rec = 5000, p = 2, 1000 elements per subdomain
4500
4000
3500
3000
CD 2500E
- 2000
1500
1000
500
'0 50
(a) Local Linear Solves
Figure 7-11: Weak scaling results for viscous flow
0.2, a = 2.0*, Rec = 5000, p = 5, 250
100 150 200 250
Number of Subdomains
(b) CPU Time
over NACA0005, Mo, -
elements per subdomain
138
7E)
~ 
- -RASI
- -i~
1
.I
EfHM1:
(a) Mesh (b) Eddy Viscosity
Figure 7-12: Grid and flow solution for turbulent flow over RAE2822,
Mo, = 0.3, a = 2.31*, Rec = 6.5 x 106 , p = 2
Schwarz preconditioners on small numbers of processors. As a test problem a single iter-
ation of a fixed degree of freedom adjoint-based error estimation/adaptation procedure is
performed [92]. A single iteration of the adaptation procedure involves a flow solution and
linear adjoint solve at p = 2, and 10 Newton iterations at p = 3 followed by a p = 3 adjoint
solve. At each iteration of the non-linear solution procedure the linear system is solved to
a relative tolerance of 10-4, while the linear adjoint problems are solved to a tolerance of
10-10.
Figure 7-13 shows the number of linear iterations required throughout the solution proce-
dure as well as the parallel speed-up for meshes with 1000, 4000 and 16000 elements. As with
the previous test cases, the restricted additive Schwarz preconditioner performs superiorly to
the subdomain-wise block Jacobi preconditioner. Both preconditioners show an increase in
the number of linear iterations required to achieve convergence as the number of subdomains
increases. However, the increase in the number of linear iterations is much more severe using
subdomain-wise block-Jacobi preconditioner than the restricted additive Schwarz precondi-
tioner. In particular, using the subdomain-wise block-Jacobi preconditioner the number of
iterations jumps by a factor of two going from 1 to 2 processors. The increase in the number
of linear iterations is reflected in the reduced parallel speed-up using the subdomain-wise
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-4,
block-Jacobi preconditioner such that the parallel efficiency (Speed-Up/#Processors) on the
16000 element grid is less than 50%. On the other hand, using the restricted additive Schwarz
preconditioner a parallel efficiency of greater that 75% is observed using up to 30 processors.
Finally, weak scaling results are presented for the RAE2822 test case. Figure 7-14 plots
the number of local linear solves and CPU time required to obtain a p = 2 solution with
approximately 1000 elements per subdomain. As in the previous test cases, the restricted
additive Schwarz preconditioner performs better than the non-overlapping block-Jacobi pre-
conditioner. Using either preconditioner the number of iterations grows with increasing
number of subdomains. However, the growth in the number of iterations is less for this
test case than in the previous test cases. This is likely due to the fact that a much less
aggressive pseudo-transient continuation scheme is used resulting in many more non-linear
iterations, but which are easier to solve due to the large temporal component added to the
linear system. It is interesting to note that both the number of iterations and CPU time
decreases going from 2 to 4 processors. This reduction in CPU time is attributable to a sig-
nificant reduction in non-linear iterations as the solution procedure has difficulty obtaining
a steady-state solution on the coarsest mesh, due to insufficient resolution on this mesh.
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Chapter 8
Conclusions
8.1 Summary and Conclusions
This thesis presented domain decomposition preconditioners for the solution of higher-order
discretizations of compressible flows.
In Chapter 3, an additive Schwarz preconditioner was developed with coarse space based
on local harmonic extensions. Using several scalar model problems it was shown that a
coarse space is necessary for high Peclet number flows solved on anisotropic meshes.
In Chapter 4, a BDDC preconditioner was developed for the HDG discretization. For a
second-order elliptic problem, it was proven that the condition number of the preconditioned
system is independent of the number of subdomains and only weakly dependent upon the
number of elements per subdomain and the solution order. Using a Robin-Robin interface
condition, the BDDC preconditioner was extended to the solution of a scalar advection-
diffusion problem. Numerical results show that the BDDC preconditioner performs superi-
orly to the additive Schwarz preconditioners with or without coarse space for the solution of
high Peclet number flows on unstructured anisotropic meshes.
In Chapter 5, an inexact BDDC preconditioner was developed based on an incomplete
factorization and a p-multigrid type coarse grid correction. It was shown that the incom-
plete factorization of possibly singular systems corresponding to local Neumann problems
results in a non-singular preconditioner. Numerical results show that the inexact BDDC
preconditioner with well-designed local solvers converges in similar number of iterations as
the exact BDDC method, with significantly reduced CPU time.
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Chapter 6 presented analysis of domain decomposition preconditioners for the linearized
Euler and Navier-Stokes systems. A one-dimensional analysis showed that domain decom-
position methods do not converge in a finite number of iterations for the hyperbolic Euler
system if reflecting boundary conditions are imposed at domain boundaries. A Fourier anal-
ysis was presented to analyze the performance of the Robin-Robin algorithm for the Euler
system. Optimized interface conditions were developed in the analytical and discrete setting
by coupling the two acoustic modes. Numerical results showed the optimized interface con-
dition resulted in significant improvements in the performance of the BDDC preconditioner.
For inviscid and high-Reynolds number flows the BDDC preconditioner performed similarly
to the additive Schwarz preconditioner with coarse space. It was shown that for very low
Reynolds number flows, the performance of the BDDC preconditioner degrades due to the
viscous matrix being rank deficient.
In Chapter 7, numerical results were presented to evaluate the performance of the ad-
ditive Schwarz and BDDC preconditioners for several fundamental aerodynamic flows. The
numerical results presented showed that a coarse space becomes important as the number
of subdomains is increased. For small numbers of subdomains, the use of the ASMA and
optimized BDDC preconditioners is not justified, as the additional cost of the factorization
is not offset by reduced time in the GMRES solve. As the number of subdomain is increased,
the coarse space becomes more important and ASMA and optimized BDDC preconditioners
with coarse spaces perform better than the ASM preconditioner. In general, the ASMA and
optimized BDDC preconditioners perform similarly for most test cases. Thus the optimized
BDDC preconditioner may be seen as an alternative approach to the ASMA approach.
Chapter 7 also presented numerical results for the DG discretization using additive
Schwarz preconditioners with and without overlap. The numerical results showed that an
overlap consisting only of a single layer of elements results in significantly improved parallel
performance over the non-overlapping case. The performance of the overlapping precon-
ditioner degrades as the number of processors becomes large and a coarse space may be
necessary for large numbers of processors:
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8.2 Recommendations and Future Work
While the BDDC algorithm has shown significant benefit for scalar advection-diffusion prob-
lems solved on structured meshes, the performance for the Euler and Navier-Stokes systems
on unstructured anisotropic meshes has been much less satisfactory despite the effort to
optimized the interface conditions. Several issues need to be resolved before BDDC may be
considered sufficiently mature to be used for practical aerodynamic simulations.
Unstructured Anisotropic Meshes
Each of the different domain decomposition methods presented performed significantly worse
for problems involving unstructured anisotropic meshes as compared with structured meshes.
As the performance degradation was observed even for scalar advection-diffusion problems,
initial investigation into the root causes of the loss in performance due to unstructured
meshes should focus on the scalar case.
Optimized Interface Conditions
The optimized interface conditions for the Euler system has been shown empirically to
improve the convergence of the BDDC algorithm. However, a complete understanding of
the mechanism by which the optimized interface conditions improve the transmission of
information across subdomain interfaces is still required. A more complete understanding
of the optimized interface conditions may allow for the simple extension of these conditions
to the three-dimensional Euler equations, as well as to other hyperbolic systems.
Rank-deficient Viscous Problems
In the low Reynolds number limit the performance of the BDDC algorithm degrades relative
to the ASMA preconditioner. This degradation in performance was attributed to the rank-
deficiency of the viscous tensor for the Navier-Stokes equations. Further work is required in
order to develop and analyze methods for these incompletely parabolic systems.
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BDDC for DG
While the BDDC algorithm has been extended to a large class of DG discretizations for
second order elliptic problems, the BDDC algorithm has yet to be successfully applied to
the solution of the DG discretization of convection-dominated flows. In particular, future
work is required in order to extend the BDDC algorithm to the solution of DG discretizations
of the scalar advection-diffusion equations.
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Appendix A
2D Euler Analysis: Infinite Domain
In this section Fourier analysis is used to estimate the convergence rate of the Robin-Robin
algorithm in the case of two infinite subdomains. The basic Robin-Robin algorithm is shown
to be equivalent to two iterations of the classical Schwarz algorithm.
After performing a Fourier transform the linearized Euler equations, (6.15), gives a sys-
tem of ODEs of the form:
dW
dx + IAW = 0, (A.1)
with
a
M0-1
0
0
if
Mx V2
0
a
Mx+1
0
iJ
Mx v/2
0
0
a
0
i
(Mx-1)V/
(Mx+1) V2
0
a
MX
(A.2)
where = cAt , b = --L and a
A = XAX- 1 with eigenvalues:
= b + iMy. This system has an eigenvalue decomposition
-aMx - R
P 1,2 = 1- M 2
a
/U3,4
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(A.3)
(A.4)
and eigenvectors:
I I I I
X1 X2 X3 X4
I I I I
(R+a)(1+M.)
(R-a)(1-M.)
0
i (1- M2)
(R+a)(1-Mx)
0
i (1- Mx)
with R = 2 -+ -2(1 - M2). Thus the solution may be expressed as:
4
W = e-jxajXj. (A.6)
j=1
Consider a partition R2 into two non-overlapping domains: Q1 = (-oo, 0] x R and 2 =
[0, oo) x R. The Robin-Robin algorithm to solve for, W, the state on the interface at x = 0,
is given by:
Dirichlet Solve:
Ql : { d +kAWAni Wi in Qi,at x = 0,- 0=A- Wk
Robin Solve:
ni i
} AnjVik+|An (Vk -Vk)
Update: +k jk  1 + #k) .
=0
Ani
- 'IAnjI (Wjkp+fV 
- 2tk)
in Qi,
at x = 0,
at x = 0,
(A.7)
Using the eigenvalue decomposition, Wk and ik may be expressed as:
4
wk = &jX=
j=1
4
and k Y.
j=1
(A.8)
Similarly, W, and IVk and may be expressed in terms of the eigenvalue decomposition. How-
ever, to ensure the solution remains bounded as x - ±oo, only the upstream characteristic
is allowed to be non-zero in Q1 while only downstream characteristics are non-zero in Q2.
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ikMX
0
a
,(A.5)X =
W kek-AxX
7 -k k -Al11-', e X
4
2V E Za2 je ij
j=2
4
j=2
Solving for the coefficients aij from the Dirichlet step gives:
ka1 ,1
ka2,2
ka2,3
k
Sa 2 ,4 _j
1
(R-a)(a+MxR)
(R+a)(a-MuR)
0
2i(R(1)-M )
(R+a)(a-M2:R)
(R-a)
(R+a)
1
0
0
0 i~Mx ^kai
a 2
^k_3
a4
(A.9)
Combining the Robin solve and the solution update gives an iteration matrix of the form:
a( 1
dk+1
a2
a3
a4
T
0
0
0
0
T22
0
T4 2
0
T24
0
T44
(A.10)
with
(R + a)(R(1 - 3Mx) - a(1 + Mx))(R + a)2 (1 + M)
T (R + a)(R(1 - 3Mx) - a(1 + Mx))
(R + a)2(1 + M) '
Ti2M4(( 2 M2(1 + M2) -a 2 + Ra)(R + a)(1 + Mx)(R + a)(( 2M2(1 + MX) - a2 - Ra)'
T 2i(R(R - a)(1 - M2)(R + a)(( 2 M(1 + MX) - a2 - Ra)'
T4= 2 2MxR(1 - Mx)
(R + a)(( 2MX(1 + MX) - a2 - Ra)
(A.11)
(A.12)
(A.13)
(A.14)
(A.15)
From (A.10) it is easily verified that the entropy equation (corresponding to the third row)
has zero error after one iteration of the Robin-Robin algorithm. Additionally the iteration
matrix T is identical to the iteration matrix corresponding to two steps of the classical
159
Namely,
Schwarz algorithm without overlap [49]. The corresponding spectral radius of T is:
(R + a)(R(1 - 3Me) - a(1 + Mr))(R + a)2(1 + M)
From [49], p(T) < 1, thus Robin-Robin algorithm converges. As the expression (A.16)
is quite complex, the convergence rate is plotted versus non-dimensional wave number to
provide a better understanding of the convergence rate of the Robin-Robin algorithm. Fig-
ure A-1 plots the convergence rate versus non-dimensional wave number varying Mx with
MV = 0 and My = 0.5. As ( -* oo, the convergence rate approaches a constant value inde-
pendent of . It is interesting to note that for M, = } and My = 0 the asymptotic value of
the convergence rate is zero, implying that convergence of those error modes is achieved in
one iteration.
1 M =0.1 .... M =0.1
0.9 M = 0.2 0.9 - M = 0.2
0.8 .8M, .. .. M = 0.33
M = 0.4 - M = 0.4
00.7 M X= 0.5 a) 07 - M = 0.5
06 M =0.66 M =0.66
0 M=0.8 06 =0
201
> 0.4 -0.o4-
00 000 0.3 - 0 03 -
0.2 - 0.2
0.1 - 0.1
0 C.
10' 0 * 10 10, 0 , 10 1 0' 10,Non-dimensional wave number Non-dimensional wave number
(a) My = 0.0 (b) My = 0.5
Figure A-1: Analytical convergence rate versus wave number, ( using basic
Robin-Robin algorithm on two infinite domains
The convergence rate at any particular flow condition is given by the maximum conver-
gence rate over all wave numbers. Figure A-2 plots the maximum convergence versus Mx
for different values of My. The convergence rate degrades significantly for very small Me,
with the convergence rate approaching 1 in the limit as Mx -+ 0. Similarly, the convergence
rate approaches 1 as M -+ 1.
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(D
Qi) 0.50
> 0.4-
C
0.3 - M -0.1M -0.1
M -0.2
0.2 My - 0.3M, -0.
0.1 - M -0.5
M -06
0 0.1 0.2 0.3 0.4 0 0.6 0.7 0.8 0.9 1
a
Figure A-2: Analytical convergence rate vs M, using basic Robin-Robin al-
gorithm on two infinite domains
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Appendix B
BDDC for DG Discretizations
In this chapter the BDDC preconditioner is extended to the DG discretization of a second
order elliptic problem. A key component for the development and analysis of the BDDC
algorithm is a novel perspective presenting the DG discretization as the sum of element-
wise "local" bilinear forms. The element-wise perspective leads naturally to the appropriate
choice for the subdomain-wise local bilinear forms. Additionally, this new perspective enables
a connection to be drawn between the DG discretization and a related continuous finite
element discretization. By exploiting this connection, the condition number bound of n, <
C(1 + log(p 2H/h))2 is proven for the BDDC preconditioned system for a large class of
conservative and consistent DG methods considered in the unified analysis of Arnold et al.
[8]
Section B.1 gives a classical presentation of the DG discretization. Section B.2 presents
the new perspective on the DG discretization. Section B.3 presents the domain decompo-
sition strategy and defines the constraints for the BDDC algorithm. The analysis of the
BDDC algorithm in presented in Section B.4, while Section B.5 presents numerical results
confirming the analysis.
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B.1 DG Discretization
Consider the following second order elliptic equation in a domain Q C 7d, d - 2,3.
-V- (pVu) = f
u = 0
with positive yt > 0 E L'(Q), f E L 2 (Q). Rewrite
system of equations:
p-Iq+Vu 0
V-q f
U= 0
(B.1) to obtain the following first order
in Q,
on OQ. (B.2)
Given the triangulation Th define the following finite element spaces:
(B.3)
(B.4)
V( := {va 2 ( ) d : (vl p ( r'))d VN G,
Wp := Wh E L 2 () : Whjls E PP(r,) Vr, E G}.
Note that traces of functions Uh E WhP are in general double valued on each edge, e E E', with
values u+ and u- corresponding to traces from elements r+ and n-- respectively. On e E Ea,
associate u+ with the trace taken from the element, r+ E T, neighbouring e. Consider the
following weak form of (B.2): Find (qh, uh) E V x WhP such that for all K E T,
(pG-qh, vh). - (uh, V - Vh)K + (dthn+, vf)a, = 0
-(qa, VWh)n + (4, wa+9a = (f, Wh)n
Vh E ( ))d
VWh E PP(K),
where (-, -), :=f and (-, -)a := fa. Superscript + is used to explicitly denote values on
On, taken from K. For all wh E Wh, &h = bh(Wj, w-) is a single valued numerical trace
on e E E9, while bh = 0 for e E Ea. Note that th = 0 on e E Ea, corresponds to weakly
enforced homogeneous boundary conditions on 8Q. Similarly 4 = 4(Vu , Vu-, U , u-) is a
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in Q,
on 8Q, (B.1)
(B.5)
(B.6)
single valued numerical flux on e EE . Using integration by parts on (B.5) gives
(p-qh, vh). + (Vuh, Vh), - ((U+ - ih)n+, v)a 0 Voh E (PP(K)),
such that qh may be eliminated locally on each element to give:
qh -pfVUh - T((uh- h)n+)),
where r,(#) E (PP(x))d is defined by:
(r(#),o) = (#,o)h VVh E (PP())d.
Replacing Vh with Vwh and substituting into (B.6) gives the primal formulation
( 1 uVuh, VWh) - (p(U - fh)n+, Vw)h 01 + (oh, whn+) 0 = (f, Wh)r Vwh E PP(K).
(B.10)
Summing over all elements gives the complete DG discretization: Find uh E WhP such that
a(uh,wh) = (f,wh)Q VWh C Wh. (B.11)
The choice of the numerical trace ith and flux dh define the particular DG method considered.
Table B.1 lists the numerical traces and fluxes for the DG methods considered. In the
definition of the different DG methods, the following average and jump operators are used
to define the numerical trace and flux on e E 9':
1={Uh} = ~(Uh + un) and [uh] = u +n+ + un n.
Additionally, define a second set of jump operators involving the numerical trace fl:
[Uh]+ = ufl+ + nihnn and Uh]- = nhn+ + u n ,
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(B.7)
(B.8)
(B.9)
(B.12)
(B.13)
such that qh may be expressed as:
qh = -(VUh - rs(Iuh]+)).
Method nh -p- qa
Interior Penalty {Uh} {Vuh} - Uh]
Bassi and Rebay [13] {u} {VU} -re {re([uah)}
Brezzi et al. [23] {uh} {qh} - Tie {re([[uah)}
LDG [38] {Uh} -- # - [] {qh} -|+#qh] - - [nh]
CDG [101] {U} - #3 -U] {q} +| # hqj] -1 []
Table B.1: Numerical fluxes for different DG methods
Note that in the definition of the different DG methods, Te is a penalty parameter defined
on each edge in E, while re(#) E ('P(,))d is a local lifting operator defined by:
= (#,Vh')e Voh E (pp(K))d (B.15)
Additionally qe is given by:
= -pt(Vuh -re([u+)). (B.16)
For the Local Discontinuous Galerkin (LDG) and Compact Discontinuous Galerkin (CDG)
methods, # is a vector which is defined on each edge in E* as
(B.17)
where S+ E {0, 1} is a switch defined on each face of element r,+ shared with element -,
such that
S K+ + S =-1.
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(B.14)
(re(#), vh)K
(B.18)
#=(Sis' n+ + Sin- ,
B.2 The DG discretization from a new perspective
A key component, required for the development and analysis of the BDDC algorithm pre-
sented, is to express the global bilinear form a(uh, wh) as the sum of element-wise contribu-
tions a,,(uh, wh) such that
a(uh,wh) = Zan(uh,wh), (B.19)
KET
where an(uh, Wh) is a symmetric, positive semi-definite "local bilinear form". In particular,
the local bilinear form must have a compact stencil, such that an (uh, wh) is a function of
only Uh, VUh in K, and u+, Vu+ and iih on &N. In particular, note that in (B.10), which
is summed over all elements to give a(uh, wh), 4 depends in general upon u+, u-, Vu+ and
Vu-. The local bilinear form is written as:
an(uh, Wh) = (/Vuh, Vwh), - ( h- Uh)nl, Vw+h,,, + (+ 7 - Whlu'a
= (pVuh, Vwh), - (p u~+ VWh)a, + (4+1 I[Wh )a, (B.20)
where dA = # (Vu , u+, uh) is a "local numerical flux". In particular, in order to recover
the original global bilinear form, qh must satisfy the following relationship on each edge, e:
Sh jWh = qlSWh + -W SWhj VWhE WP. (B.21)
Table B.2 lists the numerical traces and local fluxes for the DG methods considered, while
Table B.3 lists the corresponding local bilinear forms. It is simple to verify that (B.21) holds
for each of the DG methods considered by using the identities:
[Uh] = Uh]J + I[Uh-,{ & N[U]I = -2 1 d if fth = Uh},
NUh =[Uh], NU ] O if fh ={uh} -0 #uh] and S3+ = 1,
, 01 Uh = Uhd if 2h = {uhl - 0 Uhj and S =+ 0.
Consider using a nodal basis on each element n to define WhP. Figure B-1 shows the
degrees of freedom involve in the local bilinear form, an (uh, wh). For the Interior Penalty
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Method th 
-- +
Interior Penalty {uh} Vu+ - ? 7Ue f
Bassi and Rebay [13] {uh} Vu+ - iere(uah])
Brezzi et al. [23] {uh} q+ -- ?ere([uhI)
LDG [38] {Uh}--#-Uhl q+- -euh
CDG [101] {Ue} -- # -fUh] qh - i [uaf
Table B.2: Numerical fluxes for different DG methods
Method ar,(Uh, wh)
Interior Penalty g + Eeean 8 # h[Uh I[Wh])e
Bassi and Rebay [13] g + Zecan e (pure([uhaf), re([whj+))K
Brezzi et al. [23] g + (1 r ([uhjI, rr,([wh )) K + ECDK ne (Itre (EUhj), re( xWhj))
LDG [38] g + (prK(E[uh]), rK(EwhI)), + Zeea9 ' (I [UhjJ ,hle
CDG [101] g + Eee6a (pre([uh]I+), re([whj +))r + (eeK EP K h~ , IWh])e
Where g = (pVuh, Vwh)K - (P RUhI, VWs)ar - (ALVuh, EWhlan
Table B.3: Elementwise bilinear form for different DG methods
(IP) method and the methods of Bassi and Rebay, and Brezzi et al., the numerical trace n
on an edge depends on both u+ and u-. Hence the local bilinear form corresponds to all
nodal degrees of freedom defining uh on r, as well as nodal values on all edges of 0 n Si
corresponding to the trace of Uh from elements neighbouring ,. On the other hand, for the
LDG and CDG methods, the numerical trace ith takes on the value of u+ if Sn+ = 0 or u-
if SI = 1. Hence the local bilinear form corresponds only to degrees of freedom defining
Uh on r, and nodal values corresponding to the trace of Uh on neighbouring elements across
edges of Oi n Ei for which S 1.
0 0
0
0
00o O
O0
(a) IP, BR2, Brezzi (b) CDG, LDG
Figure B-1: Degrees of freedom involved in "local" bilinear form. 0: Element
Node, o: Neighbor Node, ->: Switch (0)
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The following Lemmas characterize the local bilinear form:
Lemma B.2.1. The element-wise bilinear form a,(Uh, uh) satisfies
aK(Uh, uh) 0, (B.22)
with a,(uh,uh) = 0 iff Uh = nh = K for some constant K.
Proof. The following proves Lemma B.2.1 for all of the DG methods considered. The proof
closely follows the proof of boundedness and stability of the different DG methods presented
in Arnold et al. [8], though here only the contribution of a single element is considered.
To show Uh = nih= K => aK(uh, uh) = 0, note that uh = K -- VUh = 0. Substituting
in to the bilinear form for the different DG methods considered gives the desired result. It
remains to prove a,(uh, uh) > 0 and a,(uh, uh) = 0 => uh = nth= K.
In order to prove the result for the interior penalty method consider the following result
from Arnold et al [8]:
c (Are(w), re(w)), < I (pIw, w)e C (pre(w), re(w)), VW E Wh (B.23)
where c and C are constants which depend only upon the minimum angle of n, and the
polynomial order p. Choosing Te sufficiently large for the interior penalty method
a,Ip (uh, Uh) anBR2(Uh, Uh), (B.24)
and hence it is sufficient to show that Lemma B.2.1 holds for the method of Bassi and Rebay
[13]. Specifically, Tie may be chosen for the interior penalty method as described in Shahbazi
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[111]. For the method of Bassi and Rebay,
aK,BR2(Uh, Uh) (AVuh, Vuh),
= (Vuh, VUh),
-2 (IVuh, uh]I),K + E /e (ure( Uhj), re(uh&)),
- 2 (tVUh,re( uh)),, + r /e (pre( h),re(
eEK eEOK
> E 1 (p(Vuh - re([uh] )), VUh - re( uhl))
+ S (rje - Ne) (Pre([uhf), re(uhf))K
(B.25)> 0,
given r/e > Ne, where Ne is the number of edges of r,. In order to show a,,BR2(uh, Uh) =0
Uh = nh = K, note that an,BR2(uh, uh) = 0 implies
(Vuh - re([uhl+)), VUh - re([uh& )), + 1] (lie - Ne)
eEOn
(B.26)
Hence re(DUhJ+) = 0 and Vuh - re([uh]+) = 0 which implies fih = u+ on On and VUh = 0
in ro.
Proof of the method of Brezzi et al. [23] follows in a similar manner. Namely:
= ([Vuh, Vuh)K - 2 (#Vuh, [Uh)- ,+(trs([uhl+), rK([uhl+)),
- r lie (pre( Uh]I+), re( [Uh)
eear
> (A(VUh - r,,( uhj)), Vuh - r( [Uh])), + le (Pre([uh&)
ee>0
> 0,
provided r/e > 0. In order to show ar,,Br.(UhUh) 0 =* uh =h = K, note that
as,Br.(Uh, Uh) = 0 implies
(#(Vuh - r([uhj )), Vuh - rK([uhj )) + ] le (pre([uhj), re([Uh]))K
eEar
- 0 (B.28)
Hence re(1uh]+) = 0 and Vuh - r,([u]) = 0 which implies th = U on Or and Vuh = 0
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(B.27)
arn,Br (PUh, Uh)
(Pre([uhj+), re(Uhj)),
, re (ENh)) n
in n.
For the LDG method
ar.,LDG (Uh, Uh) = (UVUh, Vuh)K - 2 (LVUh, [Uh ) 0 , + (/trK( uh ±), r ( uhj±))K
+ E ( p Nh , Nh e
= (I(Vuh - r ) Uhj3), Vuh - r(uh)), + E 7 he , Nh e
> 0. (B.29)
Setting 7e > 0 ensures an,LDG(Uh, Uh) = 0 -> uh Uh = K. Namely, aK,LDG(uh, uh) = 0
implies
ef(AP(VUh -r r([uh+)), VUh -- d r +[h)) + h(p [Nh , [Uhj+e =0. (B.30)
Hence [uhI 0 and Vuh + rK([uhf) = 0, which implies Vuh = 0.
Finally for the CDG method, using (B.23) and noting that if re is chosen sufficiently
large for the CDG method then
ah,CDG (uh, Uh) > aK,BR2(Uh, Uh) (B.31)
Hence, proof of Lemma B.2.1 for the CDG method follows directly from the proof for the
method of Bassi and Rebay. l
Assume that in each element n, y has a constant value I = p. The following lemmas
show that the bilinear form is equivalent to a quadratic form based on the value of Uh at the
nodes x.
Lemma B.2.2. There exist constants c and C independent of h and p,, such that for all
Uh E WfP
caK(uh, uh) <pnphn-2 Zx,xjgEU' (Uh(Xi) - Uh (Xj)) 2 < CaK(uh, Uh), (B.32)
where xi, xj are the nodes on n defining the basis for uh and nodes on On' defining a basis
for the trace uh from neighbours n' of K. (Note that for the LDG and CDG methods, nodes
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xi, x3 include nodes defining a basis for u- only on faces for which SK+ = 1.)
Proof. Lemma B.2.2 is a direct consequence of Lemma B.2.1 and a scaling argument. See
[43] Lemma 4.3 for the equivalent proof for a mixed finite element discretization. l
Lemma B.2.3. For any region w C Q composed of elements in T, there exist constants c
and C independent of h, |w| and p, such that for all Uh E Wh
caw(uh, Uh) < E,, ph" EXjXj eKu'(uh(vi) - Uh (X ))2 < Ca, (uh, uh). (B.33)
Proof. Lemma B.2.3 follows directly from Lemma B.2.2 and a summation over all element
K EW. l
B.3 BDDC
The Schur complement problem and the BDDC algorithm for the DG discretization have
the same structure as that for the HDG discretization. It remains to define the space of
interior and interface degrees of freedom and the primal constraints.
Consider a partition of the domain Q into subdomains Qj. Assume the following assump-
tion holds for all subdomains.
Assumption B.3.1. Each element ti in Qi with an edge e on O&j n &Qj has neighbours
only in Qi U Qj.
Note that while this assumption may appear limiting, in practice it is always possible
to locallly split elements on corners/edges in 2D/3D respectively in order to satisfy this
requirement.
Denote by W) the space of discrete nodal values on Fj which correspond to degrees
of freedom shared between Qi and neighbouring subdomains Qj, while W() denotes the
space of discrete unknowns local to a single substructure Qj. In particular, note that for
the Interior penalty method, and the methods of Bassi and Rebay, and Brezzi et al. Wr
includes for each edge e E Fj degrees of freedom defining two sets of trace values u+ from
G+ E Rj and u~ for n- E Qj. Thus, W( corresponds to nodal values strictly interior to Qj
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or on BOi\Fi. On the other hand, for the CDG and LDG methods W G includes for each
edge e E Fi degrees of freedom defining a single trace value corresponding to either u+ from
K+ E QO if S+ = 0 or u- from K~ E Qj if S = 1. Hence, W17) corresponds to nodal
values interior to Qi and on aOi\Fi as well as nodal values defining u+ on e E Fi for which
S.+ = 1.
Similarly, define the spaces Wi7r and W1 which correspond to the space of discrete un-
knowns associated with coupled degrees of freedom on F and local degrees of freedom on
substructures Ri respectively. Local operators R 147 -- W 4 extract the local degrees of
freedom on Fi from those on F, while global operator Rr: Wr1 -+ Wr is formed by a direct
assembly of R(.
The global system corresponding to the DG discretization may also be written in the
form:
A11  A F u1 1
r= , (B.34)Ar1 Arr ur be
where uJ and ur corresponds to degrees of freedom associated with W1 and W11r respectively.
The Schur complement problem is formed by eliminating degrees of freedom in WI.
The BDDC preconditioner is specified by a set of constraints on the subdomain interfaces
which define the primal and dual spaces, Wr and WA. For the DG discretization, the local
primal spaces, W2, are spanned by basis functions {@ } which defined by:
n nen = 6jk, (B.35)
e, Je
where denotes the numerical trace on Ek evaluated as a function of . The dual space,
WA corresponds to functions for which the integral in (B.35) vanishes on all subdomain
interfaces.
As with HDG discretization, scaling operator D, : W() --+ W( must be defined. In
order to allow for large jumps in the coefficient ya across subdomains, the scaling operators
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are formed as the diagonal matrices with diagonal values set to the weighting function:
z ( =E= Qj n Qj E [1/2, oo]. (B.36)
/p7 + p7
Note that due to Assumption B.3.1 each nodal degree of freedom on I, may correspond to
only two subdomains, Qi and Qj. Again Dr : Wr -+ Wr is defined as the diagonal matrix
with diagonal blocks DF.
Having specified all of the relevant finite element spaces and operators, the BDDC precon-
ditioner for the DG discretization takes on the same form as that for the HDG discretization
presented in Chapter 4. In the following section the same condition number bound is proven
for the BDDC preconditioned DG system as for the HDG system.
B.4 Analysis
The analysis presented in this section is similar to that presented in Section 4.4 for the
HDG discretization. Namely, the desired condition number bound is obtained by connecting
the DG discretization to a related continuous finite element discretization. In particular,
all of the results presented in this section are simply the DG equivalents of similar results
presented in [119] or [43] for mixed finite elements. These are a direct result of the new
perspective on the DG discretization presented in Section B.2.
In order to define the related continuous finite element discretization consider a special
reparameterization of the space W on each subdomain Qj. Specifically, a nodal basis is em-
ployed on each element using a special set of nodal locations on each element r'. Specifically,
on elements, K, which do not touch o80 nodal locations are chosen strictly interior to K. On
elements K which touch 9Qi nodal location are chosen on o8K n 9 j such that filannaQ is
uniquely defined by nodal values on O8, while remaining nodal location are chosen interior
to K. This reparameterization is used so that each node defining the basis corresponds to a
unique coordinate z, and fIan, is determined by nodal values on 8OR. The following Lemma
connects the two different parameterizations of the space W'.
Lemma B.4.1. There exist constants c and C independent of h such that for each element
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c 2 (Xi) 2  2 < C # O(Xz) 2
XiEn x2 Ei,
Vq E PP(r), (B.37)
and
c > (#(Xz) - #(X.))2 ((.))2 < C E (#(X) -#(z))2
V# E Pp() (B.38)
Proof. Proof of Lemma B.4.1 follows directly from the fact that using either nodes x or J
we can form a Lagrange basis for # E PP(n), with basis function bounded as in [118] Lemma
B.5. L
In order to define the subtriangulation T of T consider each element r E T. The
subtriangulation on each element , consists of the primary vertices used to define WhP,
and secondary vertices corresponding to nodes on &K\OQj required to form a quasi-uniform
triangulation of K. Note that such a subtriangulation may be obtained on the reference
element k then mapped to T. As an example, Figure B-2 shows the nodes defining the
reparameterization as well as the subtriangulation for a p = 1 triangular element.
-~
\ I \
- ,- - -
Interior Element
I I
Interface Element for IP, BR2 and Brezzi et a]. Intefac ElmentforCDCandLDC ithS,'- 0 Interface Element for CDG and LDG with S,+ 1
Figure B-2: Examples of subtriangulations of p = 1 triangular elements
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* Primary Vertex defining u,,+En,
X Primary Vertex defining ula,-non,
o Secondary Vertex
- Original Edge
- - - New Edge
Define Uh(Q) to be the continuous linear finite element space defined on the triangulation
T. Additionally define Uh(Qi) and Uh(OQi), as the restriction of Uh(Q) to QO and 8Qi
respectively. Now define a mapping Igi from any function # defined at the primary vertices
in Qi to Uh(Qi) as
O(x), if x is a primary vertex;
the average of all adjacent primary vertices on 80i,
if x is a secondary vertex on 8Qi;
Igi#$(x) = <(B.39)
the average of all adjacent primary vertices on Qi,
if x is a secondary vertex in the interior of Qi;
the linear interpolation of the vertex values,
if x is not a vertex of T.
Since (Igi#)|a is uniquely defined by #|ani, IWni may be define as the map from a function
defined on the primary vertices on OQ to Uh (O) such that I #| = (I i#)|ans. Define
Uh(Qi) C Uh(Ri) and Uh(8Qi) c U (o8Qi) as the range of i7 and I respectively.
The original DG discretization is connected to the continuous finite element discretization
on T by showing that both discretizations are equivalent to a quadratic form in terms of
the nodal values on T. The following lemmas and theorems are the equivalent of similar
theorems for mixed finite element discretizations presented in [43] and [119]. These results
are a direct consequence of Lemma B.2.1, which is the DG equivalent of Lemma 4.2 of [43].
Lemma B.4.2. For Qi composed of elements r in T, there exist constants c and C inde-
pendent of h, H and y such that for all Uh E Whp
cai(uh, Uh) 5 E Qi peh 2  ,, uh (-'uhi) - Uh(zy))2 V Cai (Uh, Uh). (B.40)
Proof. Lemma B.4.2 follows directly from Lemmas B.2.3 and B.4.1. E
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Lemma B.4.3. There exists a constant C > 0 independent of h and H such that
jOfi C6
Ih T# H1(Qi)
||I 1#|L2(Qi)
V4 E Uh(Qi),
VO E Uh(Gi).
(B.41)
(B.42)
Proof. See [43] Lemma 6.1.
Lemma B.4.4. There exist constants c, C > 0 independent of h and H such that for any
E UhE (Oi)
< inf OCNA~) 10 I 0H1(Qj)
#IO(A) qH1(Gi)
#|aoo=#
c| #||H1/2(ai)
C J H1/2(ani)
(B.43)
(B.44)
Proof. See [43] Lemma 6.2.
Lemma B.4.5. There exists a constant C > 0 independent of h and H such that
Proof. See [43] Lemma 6.3.
Lemma B.4.6. There exist constants c and C independent of h, H and pi such that for all
U ) WE ,
c pi Ia ui u
1h U H1/ 2 (84) ! lui
1Sg) -
Proof. See [43] Theorem 6.5.
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< CII IIH1/2(aQi) VE E Uh(8Qi). (B.45)
1/. 2 (B.46)
|| IiO II|H1/2(gq )
< C l#|H1(Qi)
:! 1 0 # |L2(ai)
<- CIl H1/2(agi),
- HH1/2(agg) 
.
Define the interface averaging operator ED : Wr -+ Wr as:
ED RrRD,r. (B.47)
Lemma B.4.7. There exist constants c and C independent of h and H such that for all
ur E Wr
|E~u < C(1 + lOg(p2H/h)2|IUr| lB.8
Proof. The proof of Lemma B.4.7 closely follows that of [119] Lemma 5.5. Note Assumption
B.3.1 is essential for this result. In particular, if Assumption B.3.1 were not valid then
(EDUr)j the restriction of EDur to degrees of freedom on Qj would necessarily depend
on degrees of freedom Uk corresponding to a subdomain Qk which does not neighbour Qy
however are connected through the element K in Qi which has edges on both 80 n 8Q and
8Q0 nQk. l
Theorem B.4.8. The condition number of the preconditioner operator M- DCS is bounded
by C(1 + log(p 2H/h))2 where C is a constant independent of p, h, H or p.
Proof. Theorem B.4.8 follows directly from Lemma B.4.7. (See for example [119] Theorem
6.1). El
B.5 Numerical Results
This section presents numerical results for the BDDC preconditioner introduced in Section
B.3. For each numerical experiment the linear system resulting from the DG discretization
is solved using a Preconditioned Conjugate Gradient (PCG) method. The PCG algorithm
is run until the initial 12 norm of the residual is decreased by a factor of 1010. Consider a
domain Q E R2 with Q = (0, 1) x (0, 1). Q is partitioned into N x N square subdomains Ri
with side lengths H such that N = . Each subdomain is the union of triangular elements
obtained by bisecting squares of side length h, ensuring that Assumption B.3.1 is satisfied.
Thus each subdomain has ni elements, where ni = 2 (H)2
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7
h 2 4 8 16 32
2 4 16 24 29 29
4 13 20 30 31 31
8 15 21 32 34 34
16 15 24 34 35 35
17'
H 2 4 8 16 32
2 8 17 25 30 30
4 13 21 29 31 31
8 13 22 31 33 32
16 12 23 33 34 33
(c) p 5
71
HH
2 4 8 16 32
2 8 20 25 31 31
4 12 21 30 33 31
8 11 23 32 35 33
16 11 26 34 36 35
Table B.4: Iteration count for BDDC preconditioner using Interior Penalty Method
In the first set of numerical experiments (B.1) is solved on Q where f is chosen such that
the exact solution is given by u = sin(irx) sin(iry). Tables B.4- B.8 show the corresponding
number of PCG iteration required to converge for polynomial orders p = 1, 3, and 5, using
each of the DG methods considered. As predicted by the analysis the number of iterations is
independent of the number of subdomains and only weakly dependent upon the number of
elements per subdomain. In addition the number of iterations is only weakly dependent on
the solution order p. Finally, note that the number of iterations required for the solution of
the LDG and CDG discretizations is somewhat smaller than those of the other DG methods.
For the LDG and CDG methods the Schur complement problem has approximately half the
number of degrees of freedom as for the other DG methods, hence it is not surprising that
a smaller number of iterations is required to converge.
In the second numerical experiment the behaviour of the preconditioner is examined for
large jumps in the coefficient p. The domain is partitioned in a checkerboard pattern where
y= 1 on half of the subdomains and p = 1000 in the remaining subdomains. Equation (B.1)
is solved with forcing function f = 1 using the CDG method. Initially o4 is set to o = j,
which corresponds to setting 7 = 0 in (B.36). Since the choice of o! does not satisfy the
assumption -y E [1/2, oc) poor convergence of the BDDC algorithm is seen as shown in Table
B.8(a). Next 4 is set as in (B.36) with - = 1. With this choice of o4 the good convergence
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(a) p= 1 (b) p= 3
(a) p=1
1
H 2 4 8 16 32
2 4 19 28 33 33
4 14 24 34 36 36
8 18 26 36 38 38
16 18 28 37 40 40
(b) p= 3
1
H 2 4 8 16 32
2 8 21 29 34 33
4 16 25 33 35 35
8 16 27 34 36 36
16 15 28 36 37 37
(c) p 5
1
H
h 2 4 8 16 32
2 9 23 30 35 34
4 16 26 34 36 36
8 15 28 35 36 36
16 14 29 37 38 38
Table B.5: Iteration count for BDDC preconditioner using the method of Bassi and Rebay
(a) p=1
1
H
2 4 8 16 32
2 4 16 23 25 24
4 13 19 27 28 28
8 15 20 28 30 29
16 16 22 30 32 32
(b) p 3
1
H
H 2 4 8 16 32
2 7 17 25 26 26
4 14 20 28 29 28
8 15 22 29 31 30
16 14 24 31 33 33
(c) p 5
1
H
H 2 4 8 16 32
2 8 18 26 27 27
4 14 22 28 29 29
8 15 23 30 32 32
16 14 25 33 34 33
Table B.6: Iteration count for BDDC preconditioner using the method of Brezzi et al.
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(a) p=1
1
H
H 2 4 8 16 32
2 12 18 20 20 20
4 13 20 23 23 23
8 14 23 26 26 26
16 14 25 28 29 28
(b) p =3
1
H
H 2 4 8 16 32
2 11 20 22 22 22
4 12 22 25 25 25
8 12 24 28 28 27
16 12 25 29 30 30
(c) p 5
1
H
2 4 8 16 32
2 12 21 24 24 23
4 12 23 27 28 27
8 11 25 29 30 30
16 11 26 31 32 31
Table B.7: Iteration count for BDDC preconditioner using the LDG method
(a) p=1
1
HH 2 4 8 16 32
2 12 19 20 20 19
4 12 20 23 23 22
8 13 23 25 25 25
16 13 24 28 28 27
(b) p= 3
1
H
H 2 4 8 16 32
2 11 20 22 22 22
4 12 21 24 25 24
8 12 23 27 27 27
16 12 25 28 29 29
(c) p =5
1
H
T 2 4 8 16 32
2 11 22 25 24 24
4 12 24 27 27 26
8 12 24 29 29 29
16 11 26 31 31 31
Table B.8: Iteration count for BDDC preconditioner using the CDG method
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properties of the BDDC algorithm are recovered as shown in Table B.8(b).
(a) of=
H
p 2 4 8 16 32
0 17 69 118 138 147
1 51 119 179 215 232
2 52 129 192 241 252
3 55 133 207 267 316
4 58 144 226 285 304
5 59 153 242 306 361
Table B.9: Iteration count for
1000
(b) 6t = j
1
p 2 4 8 16 32
0 4 6 13 15 16
1 4 7 14 18 19
2 4 7 13 17 18
3 4 7 15 18 19
4 4 7 14 19 20
5 4 7 14 19 20
BDDC preconditioner using the CDG method with p = 1 or
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